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�� Black Holes (Black Holes (BHsBHs) radiate ) radiate �� ThermodynamicsThermodynamics

�� QuantumQuantum GravityGravity

�� MinisuperspaceMinisuperspace approximationapproximation ((QuantumQuantum CosmologyCosmology))

�� NoncommutativeNoncommutative SpaceSpace--TimeTime (NC):(NC):

�� StringString / / MM--TheoryTheory

Motivation 

�� StringString / / MM--TheoryTheory

�� GravitationalGravitational QuantumQuantum WellWell

�� PutativePutative signaturesignature ofof QuantumQuantum GravityGravity

Use a phase-space NC genelarization of the Kantowski-Sachs 
cosmological model to examine the interior of a Schwarzchild BH. 

Calculate thermodynamical properties of a Schwarzschild BH and study 
its singularity.



�� rr<2M, time and radial coordinates interchange.<2M, time and radial coordinates interchange.

Schwarzschild vs Kantowski-Sachs: 

General Relativity �solutions where the causal structure of space-time changes
at different regions of space-time.

�� An isotropic metric turns into an anisotropic oneAn isotropic metric turns into an anisotropic one

�� Mapped to the Mapped to the KantowskiKantowski--Sachs metricSachs metric

�� Away from the horizon Away from the horizon tt==rr=2M:=2M:



�� θθijij e e ηηijij antisymmetricantisymmetric real real constantconstant ((ddxxdd)) matricesmatrices

�� SeibergSeiberg--WittenWitten mapmap: : classclass ofof nonnon--canonicalcanonical linear linear 
transformationstransformations
�� Relates standard Relates standard HeisenbergHeisenberg algebraalgebra withwith noncommutativenoncommutative

Phase Space Noncommutative Extension of Quantum Mechanics:

�� Relates standard Relates standard HeisenbergHeisenberg algebraalgebra withwith noncommutativenoncommutative
algebraalgebra

�� StatesStates ofof systemsystem::
�� wavewave functionsfunctions ofof thethe ordinaryordinary HilbertHilbert spacespace

�� SchrödingerSchrödinger equationequation::
�� ModifiedModified ηη,,θθ--dependentdependent HamiltonianHamiltonian
�� Dynamics Dynamics ofof thethe systemsystem



Noncommutative Quantum Cosmology:

�� ββ,, ΩΩ: scale factors, : scale factors, NN: lapse function: lapse function

�� ADM Formalism          Hamiltonian for KS metric:ADM Formalism          Hamiltonian for KS metric:

�� PPΩΩ , , PPββ: canonical momenta conjugated to : canonical momenta conjugated to ΩΩ, , ββ

�� Lapse function (gauge choice):Lapse function (gauge choice):



KS Cosmological Model – Classical and Quantum Models:

�� Equations of motion (Equations of motion (NoncommutativeNoncommutative):):
Constant of motion:

θ~ LP
2
~ 1

η~L
P

-2
~1

�� NonNon--unitaryunitary linear linear transformationtransformation, SW , SW mapmap::

�� NoncommutativeNoncommutative WDW Equation:WDW Equation:



�� SolutionsSolutions ofof NCWDW NCWDW EqEq. are . are simultaneouslysimultaneously eigenstateseigenstates ofof
HamiltonianHamiltonian andand constraintconstraint..

�� IfIf ΨΨa(a(ΩΩc,c,ββcc) ) isis anan eigenstateeigenstate ofof operatoroperator Â Â withwith eigenvalueeigenvalue aa∈∈IRIR::

Solutions – Noncommutative WDW Equation:

From constraint:

�� SubtitutingSubtituting into NCWDW Eq. yields:into NCWDW Eq. yields:

+



Model - Potential:

�� PotentialPotential functionfunction::

For η values fairly typical and non-zero, potential has a local minimum and
maximum.



Model - Potential:

�� Local Local minimumminimum::

�� SolutionSolution ((implicitimplicit):):

�� PotentialPotential functionfunction inin secondsecond orderorder inin xx--xx00::00

�� NCWDW NCWDW EquationEquation: : 



Model - Potential:

�� ComparingComparing withwith SchrodingerSchrodinger equationequation ofof harmonicharmonic
oscillatoroscillator::

�� QuantumQuantum correctioncorrection to to potentialpotential::

�� PPotentialotential functionfunction::

�� PartitionPartition FunctionFunction::



Model – Feynman-Hibbs procedure:

�� NoncommutativeNoncommutative internalinternal energyenergy ::

�� NoncommutativeNoncommutative TemperatureTemperature (E=M), M>>1:(E=M), M>>1:

�� NoncommutativeNoncommutative EntropyEntropy ((neglectingneglecting termsterms proportionalproportional
to ηto η22/M/M22):):

c=12D=5.68



Model – Feynman-Hibbs procedure:

�� ThermodynamicalThermodynamical quantitiesquantities::

�� NonNon--trivialtrivial dependencedependence onon momentummomentum
noncommutativitynoncommutativity

�� η=0η=0::

�� ThermodynamicsThermodynamics ofof BH BH illill--defineddefined for for thethe FeynmanFeynman--
HibbsHibbs procedureprocedure

�� PotentialPotential functionfunction reducesreduces to a to a monotonousmonotonous exponentialexponential
termterm withwith no local no local minimaminima



Singularity, t=r=0:

�� ByBy thethe identificationidentification betweenbetween metricsmetrics::

�� StudyStudy thethe limitlimit::

�� NCWDW NCWDW equationequation inin thisthis limitlimit::

Inverted harmonic : self-adjoint Hamiltonian with a continuous
spectrum.



Model – Feynman-Hibbs procedure:

�� SolutionSolution to NCWDW to NCWDW equationequation inin t=r=0:t=r=0:

�� For For allall aa::

�� ThusThus, for a , for a suitablesuitable althoughalthough fairlyfairly general general choicechoice ofof C(aC(a):):

Necessary condition to provide a quantum regularization of the classical
singularity



Model – Feynman-Hibbs procedure:

�� WaveWave functionfunction oscillatoryoscillatory for βfor βCC. . FixFix ββCC--hypersurfacehypersurface::

�� ProbabilityProbability ofof findingfinding thethe BH BH atat thethe singularitysingularity::

Is the probability of finding the BH at the singularity zero?

Inverted harmonic oscillator displays non-normalizable eigenstates!

Noncommuativity of this form cannot be regarded as the final answer for 
the singularity problem of the Schwarzschild BH!



Singularity, t=r=0:

�� PhasePhase--SpaceSpace NoncanonicalNoncanonical NoncommutativityNoncommutativity::

�� PotentialPotential

�� SolutionsSolutions ofof NCWDW NCWDW EquationEquation::
�� SquareSquare integrableintegrable
�� ProbabilityProbability vanishesvanishes!!

Solutions of the new NCWDW equation would display zero probability at the
singularity .



Conclusions:

�� KantowskiKantowski--SachsSachs usedused to to studystudy interior interior ofof a a SchwarzschildSchwarzschild
BH (r<2M)BH (r<2M)

�� ThermodynamicalThermodynamical quantitiesquantities andand singularitysingularity analyzedanalyzed

�� MomentumMomentum noncommutativitynoncommutativity seemsseems crucial:crucial:
�� PotentialPotential withwith quadraticquadratic termterm allowingallowing FeynmanFeynman--

HibbsHibbs procedureprocedureHibbsHibbs procedureprocedure
�� NoncommutativeNoncommutative TemperatureTemperature andand NoncommuttaiveNoncommuttaive

EntropyEntropy

�� SingularitySingularity t=r=0:t=r=0:
�� InvertedInverted harmonicharmonic oscillatoroscillator
�� WaveWave functionfunction vanishesvanishes butbut isis notnot squaresquare integrableintegrable

withwith phasephase spacespace canonical NC.canonical NC.


