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consider taking into account the effect of sky cuts and inhomogeneous noise. Here we follow the approach of [30] (an
approach that is further elucidated in [31] and [32]). As we prove in Appendix B the appropriate form of the optimal
estimator becomes

Egeneral =
fsky

Ñ

∑

limi

〈al1m1al2m2al3m3al4m4〉c

[
(C−1aobs)l1m1(C

−1aobs)l2m2(C
−1aobs)l3m3(C

−1aobs)l4m4

−6(C−1)l1m1,l2m2(C
−1aobs)l3m3(C

−1aobs)l4m4 + 3(C−1)l1m1,l2m2(C
−1)l3m3,l4m4

]
, (29)

where

Ñ =
∑

limi

〈al1m1al2m2al3m3al4m4〉c(C−1)l1m1,l′1m′
1
(C−1)l2m2,l′2m′

2
(C−1)l3m3,l′3m′

3
(C−1)l4m4,l′4m′

4
〈al′1m′

1
al′2m′

2
al′3m′

3
al′4m′

4
〉c,

fsky is the fraction of the sky outside the mask, and where the covariance matrix C is now non-diagonal due to
mode-mode coupling introduced by the mask and anisotropic noise. Due to the breaking of isotropy extra terms
have been added in order to maintain the optimality of the estimator. The optimal estimator, in the case that the
covariance matrix is diagonal, reads

E =
fsky

NT

∑

limi

〈al1m1al2m2al3m3al4m4〉c
Cl1Cl2Cl3Cl4

[
aobs

l1m1
aobs

l2m2
aobs

l3m3
aobs

l4m4
− 6(−1)m1Cl1δl1l2δm1−m2a

obs
l3m3

aobs
l4m4

+3(−1)m1+m2δl1l2δm1−m2δl3l4δm3−m4Cl1Cl3

]
, (30)

where NT is given by equation (26).
In the remainder of this paper we shall refer to the ideal estimator. However, this formula is important for the

general implementation of the formalisms introduced here.

Kurtosis as a measure of non-Gaussianity

As an aside, we note that the use of non-optimal estimators may also provide useful information, e.g. as a reality
check on these complex calculations. The kurtosis of the one point temperature distribution offers such an estimator.
The kurtosis, g2, is defined as

g2 =

〈
(

∆T
T (n̂)

)4

〉

(〈
(

∆T
T (n̂)

)2

〉)2 − 3. (31)

As we show in Appendix C (where we also include a discussion on the skewness for completeness) the kurtosis may
be written in the following form

g2 =
48π

∑
li,L

h2
l1l2Lh2

l3l4Ltl1l2
l3l4

(L)/(2L + 1)

(
∑

l(2l + 1)Cl)
2 . (32)

The calculation of this quantity is relatively straightforward compared to the full estimator due to the absence of
Wigner 6j symbols in the expression.
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A Gaussian Universe?
The triumph of the inflationary concordance model ...

A self-consistent concordance model with (WMAP 7yr results): 
4.56(±0.16)% baryons, 22.7(±1.4)% dark matter, 72.8(±1.5)% dark energy
with spatial flatness (to 1%) and an age of 13.75(±0.11) billion years.

All based on the two-point correlator (power spectrum)

I.e. massive compression of data (e.g. WMAP 106 pixels to 1000 l’s)
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But is this all there is to be learnt about the early universe?
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INFLATION
Inflation is defined as a period of accelerated expansion  a > 0 

The simplest example has equation of state
so the energy conservation equation yields

The Friedmann equation gives  

with Hubble parameter

The Accelerating Universe
Recent observations of distant supernova indicate the universe is accelerating, i.e. it must
be filled with exotic matter (“dark energy”) violating the SEC (1.21). We usually assume
it has P = −ρc2(ω = −1). [anti-gravitating matter]
Consider equation (1.14)

ρ̇ = 0⇒ ρ = const

≡
(

c2

8πG

)
Λ

Where Λ is the cosmological constant

Friedmann equation (1.12) with k = 0

(
ȧ

a

)2

= c2 Λ
3

⇒ a(t) = eH(t−t0) (1.28)

With const H = c
√

Λ
3 (Ex I, Q7)

Quantum gravity suggest the dimensionless quantity Λ
(

G!
c3

)
∼ O(1) [analogue of zero

point energy in quantum universe], but observations imply c3Λ
G! ! 10−120; this is the

cosmological constant problem.

Exercise: Λ was introduced by Einstein to make an (unstable) static universe in the k > 0
case. Find Λ in terms of k. (Influenced by Newtonian picture, Einstein regarded this as
his “greatest mistake” — missing chance to predict universe was expanding).

The best concordance model of our universe today (t = t0),Λ ≈ 1.0 (WMAP, 2003).

(i) ΛΛ ≈ 0.70 dark energy or Λ
(ii) Λc ≈ 0.26 cold dark matter
(iii) Λb ≈ 0.04 ordinary matter

But what are (i) and (ii)? (baryons N & P)

This is the dark energy/matter problem. The age of this universe is t0 = 13.7(±0.2)×
109 yrs. [Cosmologists often in error but seldom in doubt] [OHP shortcomings ....]

Inflation
A brief period of exponential growth (1.28) or inflation (t ! 10−35s) before the standard
Big Bang solves some cosmic enigmas.
• Acceleration implies H2a2 = ȧ2 increases with time so from (1.24)
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An accelerating universe has an event horizon

Heisenberg’s Uncertainty principle with                    implies  

Hence                                                        implies inflaton 

        fluctuations

These exit the horizon and “freeze” as classical spacetime fluctuations

Quantum fluctuations 

Now generalise this result so that it applies to any comoving lengthscale, such as galaxy scales around 1Mpc.

Exercise: Show that a comoving lengthscale x today (a0 = 1) will exit the horizon at time tI during inflation and
re-enter at teim tH during the HBB with both times defined by

a(tI)HI = a(tH)H(tH) = cx−1 , (5.3)

5.2 Quantum fluctuations*

An inflationary universe has an event horizon

dE(t) = c

∫ ∞

t
e−HIt

′

dt′ = cH−1
I ,

(refer to Examples I, Question 7 where this is discussed at some length). Now Heisenberg’s Uncertainty Principle
states that ∆x∆p ≈ h̄, so with ∆x ≈ cH−1

I we must also have momentum fluctuations ∆p in the inflaton field φ.
Equivalently, we can use that alternative expression for the uncertainty principle ∆E∆t ≈ h̄ using the Hubble time
∆t ≈ H−1

I and the energy estimated from the inflaton kinetic energy in a Hubble volume V ,

∆E ≈
c

h̄
φ̇2V ≈

c

h̄

(

∆φ

∆t

)2

(cH−1
I )3 ≈

c4

h̄
(∆φ)2H−1

I .

Hence ∆E∆t ≈ (c4/h̄)(∆φ)2H−2
I ≈ h̄, implies that the typical fluctuation in the inflaton field φ on the horizon

lengthscale R ≈ cH−1 is

(∆φ)2
∣

∣

I
≈

(

h̄HI

c2

)2

, (5.4)

where here the subscript I denotes ‘horizon exit’ during inflation, that is, for perturbations on the Hubble length
cH−1

I . These fluctuations ∆φ then exit the horizon (as illustrated in fig. 5.1) becoming macroscopic as the universe
expands during inflation and thus they effectively “freeze” and become real classical perturbations. (Note that the
quantity ∆φ is the variance, that is, the standard deviation or root mean square of the fluctuations on the lengthscale
R ≈ cH−1

I , that is, ∆φ|I = 〈|(φ − φ̄)2|〉1/2, where φ̄ is the average value of the inflaton at that time; refer to the
discussion at the end of this handout.)

5.3 Density fluctuations and their evolution*

Assuming a flat (k = 0) background model, the Friedmann equation (1.16) implies that the average energy density
ε̄ during inflation is

ε̄

c2
= ρ̄ =

3H2
I

8πG
=

1

h̄c
H2

I M2
pl (5.5)

where the Planck mass is Mpl ≡
√

3h̄c/8πG ≈ 4 × 1018GeV/c2.

The density fluctuation is typically

δε|I
c2

= δρ|I ≈
∆E/c2

(cH−1
I )3

≈
1

h̄c
(∆φ)2|IH

2
I ,

so on the horizon scale from (5.4) the relative density perturbation is given by

δρ

ρ

∣

∣

∣

∣

I

≈

(

∆φ|I
Mpl

)2

≈

(

h̄HI

Mplc2

)2

≈ const. , (5.6)

Note that δρ/ρ on the horizon scale is therefore scale-invariant, because the only time dependent function on the right
hand side is HI which is nearly constant during inflation. This is a very important result. We can try to interpret
this result physically by noting that (5.6) is the square of the ratio of the the Planck length &pl ≡ h̄/Mplc to the
Hubble length cH−1. The Planck length at &pl10−35m defines the scale at which a classical description of spacetime
breaks down and quantum gravitational effects become important. The amplitude of quantum fluctuations (5.6)
during inflation, therefore, will be significant if the Hubble radius is not too much larger than the Planck length.
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I we must also have momentum fluctuations ∆p in the inflaton field φ.
Equivalently, we can use that alternative expression for the uncertainty principle ∆E∆t ≈ h̄ using the Hubble time
∆t ≈ H−1

I and the energy estimated from the inflaton kinetic energy in a Hubble volume V ,

∆E ≈
c

h̄
φ̇2V ≈

c

h̄

(

∆φ

∆t

)2

(cH−1
I )3 ≈

c4

h̄
(∆φ)2H−1

I .

Hence ∆E∆t ≈ (c4/h̄)(∆φ)2H−2
I ≈ h̄, implies that the typical fluctuation in the inflaton field φ on the horizon

lengthscale R ≈ cH−1 is

(∆φ)2
∣

∣

I
≈

(

h̄HI

c2

)2

, (5.4)

where here the subscript I denotes ‘horizon exit’ during inflation, that is, for perturbations on the Hubble length
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expands during inflation and thus they effectively “freeze” and become real classical perturbations. (Note that the
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I , that is, ∆φ|I = 〈|(φ − φ̄)2|〉1/2, where φ̄ is the average value of the inflaton at that time; refer to the
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during inflation, therefore, will be significant if the Hubble radius is not too much larger than the Planck length.

Now generalise this result so that it applies to any comoving lengthscale, such as galaxy scales around 1Mpc.

Exercise: Show that a comoving lengthscale x today (a0 = 1) will exit the horizon at time tI during inflation and
re-enter at teim tH during the HBB with both times defined by

a(tI)HI = a(tH)H(tH) = cx−1 , (5.3)

5.2 Quantum fluctuations*

An inflationary universe has an event horizon

dE(t) = c

∫ ∞

t
e−HIt

′

dt′ = cH−1
I ,

(refer to Examples I, Question 7 where this is discussed at some length). Now Heisenberg’s Uncertainty Principle
states that ∆x∆p ≈ h̄, so with ∆x ≈ cH−1

I we must also have momentum fluctuations ∆p in the inflaton field φ.
Equivalently, we can use that alternative expression for the uncertainty principle ∆E∆t ≈ h̄ using the Hubble time
∆t ≈ H−1

I and the energy estimated from the inflaton kinetic energy in a Hubble volume V ,

∆E ≈
c

h̄
φ̇2V ≈

c

h̄

(

∆φ

∆t

)2

(cH−1
I )3 ≈

c4

h̄
(∆φ)2H−1

I .

Hence ∆E∆t ≈ (c4/h̄)(∆φ)2H−2
I ≈ h̄, implies that the typical fluctuation in the inflaton field φ on the horizon

lengthscale R ≈ cH−1 is

(∆φ)2
∣

∣

I
≈

(

h̄HI

c2

)2

, (5.4)

where here the subscript I denotes ‘horizon exit’ during inflation, that is, for perturbations on the Hubble length
cH−1

I . These fluctuations ∆φ then exit the horizon (as illustrated in fig. 5.1) becoming macroscopic as the universe
expands during inflation and thus they effectively “freeze” and become real classical perturbations. (Note that the
quantity ∆φ is the variance, that is, the standard deviation or root mean square of the fluctuations on the lengthscale
R ≈ cH−1

I , that is, ∆φ|I = 〈|(φ − φ̄)2|〉1/2, where φ̄ is the average value of the inflaton at that time; refer to the
discussion at the end of this handout.)

5.3 Density fluctuations and their evolution*

Assuming a flat (k = 0) background model, the Friedmann equation (1.16) implies that the average energy density
ε̄ during inflation is

ε̄

c2
= ρ̄ =

3H2
I

8πG
=

1

h̄c
H2

I M2
pl (5.5)

where the Planck mass is Mpl ≡
√

3h̄c/8πG ≈ 4 × 1018GeV/c2.

The density fluctuation is typically

δε|I
c2

= δρ|I ≈
∆E/c2

(cH−1
I )3

≈
1

h̄c
(∆φ)2|IH

2
I ,

so on the horizon scale from (5.4) the relative density perturbation is given by

δρ

ρ

∣

∣

∣

∣

I

≈

(

∆φ|I
Mpl

)2

≈

(

h̄HI

Mplc2

)2

≈ const. , (5.6)

Note that δρ/ρ on the horizon scale is therefore scale-invariant, because the only time dependent function on the right
hand side is HI which is nearly constant during inflation. This is a very important result. We can try to interpret
this result physically by noting that (5.6) is the square of the ratio of the the Planck length &pl ≡ h̄/Mplc to the
Hubble length cH−1. The Planck length at &pl10−35m defines the scale at which a classical description of spacetime
breaks down and quantum gravitational effects become important. The amplitude of quantum fluctuations (5.6)
during inflation, therefore, will be significant if the Hubble radius is not too much larger than the Planck length.

Now generalise this result so that it applies to any comoving lengthscale, such as galaxy scales around 1Mpc.

Exercise: Show that a comoving lengthscale x today (a0 = 1) will exit the horizon at time tI during inflation and
re-enter at teim tH during the HBB with both times defined by

a(tI)HI = a(tH)H(tH) = cx−1 , (5.3)

5.2 Quantum fluctuations*

An inflationary universe has an event horizon

dE(t) = c

∫ ∞

t
e−HIt

′

dt′ = cH−1
I ,

(refer to Examples I, Question 7 where this is discussed at some length). Now Heisenberg’s Uncertainty Principle
states that ∆x∆p ≈ h̄, so with ∆x ≈ cH−1

I we must also have momentum fluctuations ∆p in the inflaton field φ.
Equivalently, we can use that alternative expression for the uncertainty principle ∆E∆t ≈ h̄ using the Hubble time
∆t ≈ H−1

I and the energy estimated from the inflaton kinetic energy in a Hubble volume V ,

∆E ≈
c

h̄
φ̇2V ≈

c

h̄

(

∆φ

∆t

)2

(cH−1
I )3 ≈

c4

h̄
(∆φ)2H−1

I .

Hence ∆E∆t ≈ (c4/h̄)(∆φ)2H−2
I ≈ h̄, implies that the typical fluctuation in the inflaton field φ on the horizon

lengthscale R ≈ cH−1 is

(∆φ)2
∣

∣

I
≈

(

h̄HI

c2

)2

, (5.4)

where here the subscript I denotes ‘horizon exit’ during inflation, that is, for perturbations on the Hubble length
cH−1

I . These fluctuations ∆φ then exit the horizon (as illustrated in fig. 5.1) becoming macroscopic as the universe
expands during inflation and thus they effectively “freeze” and become real classical perturbations. (Note that the
quantity ∆φ is the variance, that is, the standard deviation or root mean square of the fluctuations on the lengthscale
R ≈ cH−1

I , that is, ∆φ|I = 〈|(φ − φ̄)2|〉1/2, where φ̄ is the average value of the inflaton at that time; refer to the
discussion at the end of this handout.)

5.3 Density fluctuations and their evolution*

Assuming a flat (k = 0) background model, the Friedmann equation (1.16) implies that the average energy density
ε̄ during inflation is

ε̄

c2
= ρ̄ =

3H2
I

8πG
=

1

h̄c
H2

I M2
pl (5.5)

where the Planck mass is Mpl ≡
√

3h̄c/8πG ≈ 4 × 1018GeV/c2.

The density fluctuation is typically

δε|I
c2

= δρ|I ≈
∆E/c2

(cH−1
I )3

≈
1

h̄c
(∆φ)2|IH

2
I ,

so on the horizon scale from (5.4) the relative density perturbation is given by

δρ

ρ

∣

∣

∣

∣

I

≈

(

∆φ|I
Mpl

)2

≈

(

h̄HI

Mplc2

)2

≈ const. , (5.6)

Note that δρ/ρ on the horizon scale is therefore scale-invariant, because the only time dependent function on the right
hand side is HI which is nearly constant during inflation. This is a very important result. We can try to interpret
this result physically by noting that (5.6) is the square of the ratio of the the Planck length &pl ≡ h̄/Mplc to the
Hubble length cH−1. The Planck length at &pl10−35m defines the scale at which a classical description of spacetime
breaks down and quantum gravitational effects become important. The amplitude of quantum fluctuations (5.6)
during inflation, therefore, will be significant if the Hubble radius is not too much larger than the Planck length.

Now generalise this result so that it applies to any comoving lengthscale, such as galaxy scales around 1Mpc.

Exercise: Show that a comoving lengthscale x today (a0 = 1) will exit the horizon at time tI during inflation and
re-enter at teim tH during the HBB with both times defined by

a(tI)HI = a(tH)H(tH) = cx−1 , (5.3)

5.2 Quantum fluctuations*

An inflationary universe has an event horizon

dE(t) = c

∫ ∞

t
e−HIt

′

dt′ = cH−1
I ,

(refer to Examples I, Question 7 where this is discussed at some length). Now Heisenberg’s Uncertainty Principle
states that ∆x∆p ≈ h̄, so with ∆x ≈ cH−1

I we must also have momentum fluctuations ∆p in the inflaton field φ.
Equivalently, we can use that alternative expression for the uncertainty principle ∆E∆t ≈ h̄ using the Hubble time
∆t ≈ H−1

I and the energy estimated from the inflaton kinetic energy in a Hubble volume V ,

∆E ≈
c

h̄
φ̇2V ≈

c

h̄

(

∆φ

∆t

)2

(cH−1
I )3 ≈

c4

h̄
(∆φ)2H−1

I .

Hence ∆E∆t ≈ (c4/h̄)(∆φ)2H−2
I ≈ h̄, implies that the typical fluctuation in the inflaton field φ on the horizon

lengthscale R ≈ cH−1 is

(∆φ)2
∣

∣

I
≈

(

h̄HI

c2

)2

, (5.4)

where here the subscript I denotes ‘horizon exit’ during inflation, that is, for perturbations on the Hubble length
cH−1

I . These fluctuations ∆φ then exit the horizon (as illustrated in fig. 5.1) becoming macroscopic as the universe
expands during inflation and thus they effectively “freeze” and become real classical perturbations. (Note that the
quantity ∆φ is the variance, that is, the standard deviation or root mean square of the fluctuations on the lengthscale
R ≈ cH−1

I , that is, ∆φ|I = 〈|(φ − φ̄)2|〉1/2, where φ̄ is the average value of the inflaton at that time; refer to the
discussion at the end of this handout.)

5.3 Density fluctuations and their evolution*

Assuming a flat (k = 0) background model, the Friedmann equation (1.16) implies that the average energy density
ε̄ during inflation is

ε̄

c2
= ρ̄ =

3H2
I

8πG
=

1

h̄c
H2

I M2
pl (5.5)

where the Planck mass is Mpl ≡
√

3h̄c/8πG ≈ 4 × 1018GeV/c2.

The density fluctuation is typically

δε|I
c2

= δρ|I ≈
∆E/c2

(cH−1
I )3

≈
1

h̄c
(∆φ)2|IH

2
I ,

so on the horizon scale from (5.4) the relative density perturbation is given by

δρ

ρ

∣

∣

∣

∣

I

≈

(

∆φ|I
Mpl

)2

≈

(

h̄HI

Mplc2

)2

≈ const. , (5.6)

Note that δρ/ρ on the horizon scale is therefore scale-invariant, because the only time dependent function on the right
hand side is HI which is nearly constant during inflation. This is a very important result. We can try to interpret
this result physically by noting that (5.6) is the square of the ratio of the the Planck length &pl ≡ h̄/Mplc to the
Hubble length cH−1. The Planck length at &pl10−35m defines the scale at which a classical description of spacetime
breaks down and quantum gravitational effects become important. The amplitude of quantum fluctuations (5.6)
during inflation, therefore, will be significant if the Hubble radius is not too much larger than the Planck length.
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5. Inflationary Fluctuations*

Quantum fluctuations during an inflationary phase in the very early universe may have created the primordial
density perturbations which later became the seeds for galaxy and large-scale structure formation. This exciting
theoretical discovery was made by Stephen Hawking (and others), with the details worked out at a famous workshop
in Cambridge in the summer of 1982 (and celebrated 25 years later at a workshop held in DAMTP in December
2007 - see: www.amtp.cam.ac.uk/user/gr/VEU). Prior to this time, there was no physically reasonable theory for
the initial fluctuations (except perhaps for cosmic strings). This lecture will retrace the key steps underlying this
calculation. Although only order-of-magnitude estimates will be made, brushing aside many subtle issues, the basic
physical ideas presented here are sound! *Note also that §5.2-4 are non-examinable; their main purpose is to motivate
eqn (5.16).

5.1 Inflation and the Horizon Problem

A brief period of inflation, with a ∝ eHt, H ≈ const. (5.1), can solve a number of cosmic enigmas (refer to the
discussion in §1.5) Suppose that inflation ends at t = treh when the universe reheats to begin the standard Hot Big
Bang (HBB). The physical size of the observed universe today (cH−1

0 ) at that time t = treh was

a(treh)

a(t0)
cH−1

0 # cH−1(treh) ,

where here we multiply by the ratio of scalefactors to trace back this comoving scale. However, during inflation with
constant HI ≈ H(treh), this lengthscale became comparable to the Hubble radius cH−1

I when

a(tI)

a(treh)

a(treh)

a(t0)
cH−1

0 = cH−1
I ,

that is, at a time tI defined by
a(tI)HI = a(t0)H0 . (5.2)

(Note that this expression actually relates the inverse of the comoving horizons at these two times, one during
inflation and the other during the HBB; refer to figure 5.1 to see the relation between a comoving scale and the
Hubble radius.) Thus (5.2) implies that whole observed universe today could have begun inside one Hubble radius
during inflation, that is, it could have begun in causal contact solving the horizon problem.
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Figure 5.1: Evolution of the comoving scale corresponding to the size of the observed universe today cH−1
0 . This is

compared with the Hubble radius during the Hot Big Bang and earlier during inflation.
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A brief period of inflation, with a ∝ eHt, H ≈ const. (5.1), can solve a number of cosmic enigmas (refer to the
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(Note that this expression actually relates the inverse of the comoving horizons at these two times, one during
inflation and the other during the HBB; refer to figure 5.1 to see the relation between a comoving scale and the
Hubble radius.) Thus (5.2) implies that whole observed universe today could have begun inside one Hubble radius
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Now generalise this result so that it applies to any comoving lengthscale, such as galaxy scales around 1Mpc.

Exercise: Show that a comoving lengthscale x today (a0 = 1) will exit the horizon at time tI during inflation and
re-enter at teim tH during the HBB with both times defined by

a(tI)HI = a(tH)H(tH) = cx−1 , (5.3)

5.2 Quantum fluctuations*

An inflationary universe has an event horizon

dE(t) = c

∫ ∞

t
e−HIt

′

dt′ = cH−1
I ,

(refer to Examples I, Question 7 where this is discussed at some length). Now Heisenberg’s Uncertainty Principle
states that ∆x∆p ≈ h̄, so with ∆x ≈ cH−1

I we must also have momentum fluctuations ∆p in the inflaton field φ.
Equivalently, we can use that alternative expression for the uncertainty principle ∆E∆t ≈ h̄ using the Hubble time
∆t ≈ H−1

I and the energy estimated from the inflaton kinetic energy in a Hubble volume V ,

∆E ≈
c

h̄
φ̇2V ≈

c

h̄

(

∆φ

∆t

)2

(cH−1
I )3 ≈

c4

h̄
(∆φ)2H−1

I .

Hence ∆E∆t ≈ (c4/h̄)(∆φ)2H−2
I ≈ h̄, implies that the typical fluctuation in the inflaton field φ on the horizon

lengthscale R ≈ cH−1 is

(∆φ)2
∣

∣

I
≈

(

h̄HI

c2

)2

, (5.4)

where here the subscript I denotes ‘horizon exit’ during inflation, that is, for perturbations on the Hubble length
cH−1

I . These fluctuations ∆φ then exit the horizon (as illustrated in fig. 5.1) becoming macroscopic as the universe
expands during inflation and thus they effectively “freeze” and become real classical perturbations. (Note that the
quantity ∆φ is the variance, that is, the standard deviation or root mean square of the fluctuations on the lengthscale
R ≈ cH−1

I , that is, ∆φ|I = 〈|(φ − φ̄)2|〉1/2, where φ̄ is the average value of the inflaton at that time; refer to the
discussion at the end of this handout.)

5.3 Density fluctuations and their evolution*

Assuming a flat (k = 0) background model, the Friedmann equation (1.16) implies that the average energy density
ε̄ during inflation is

ε̄

c2
= ρ̄ =

3H2
I

8πG
=

1

h̄c
H2

I M2
pl (5.5)

where the Planck mass is Mpl ≡
√

3h̄c/8πG ≈ 4 × 1018GeV/c2.

The density fluctuation is typically

δε|I
c2

= δρ|I ≈
∆E/c2

(cH−1
I )3

≈
1

h̄c
(∆φ)2|IH

2
I ,

so on the horizon scale from (5.4) the relative density perturbation is given by

δρ

ρ

∣

∣

∣

∣

I

≈

(

∆φ|I
Mpl

)2

≈

(

h̄HI

Mplc2

)2

≈ const. , (5.6)

Note that δρ/ρ on the horizon scale is therefore scale-invariant, because the only time dependent function on the right
hand side is HI which is nearly constant during inflation. This is a very important result. We can try to interpret
this result physically by noting that (5.6) is the square of the ratio of the the Planck length &pl ≡ h̄/Mplc to the
Hubble length cH−1. The Planck length at &pl10−35m defines the scale at which a classical description of spacetime
breaks down and quantum gravitational effects become important. The amplitude of quantum fluctuations (5.6)
during inflation, therefore, will be significant if the Hubble radius is not too much larger than the Planck length.

More generally comoving lengthscale x exits at time tI 
during inflation and then re-enters at time tH:



Slow-roll inflation
An extended period of inflation ensues if slow roll conditions apply

or equivalently if the inflaton potential is flat and featureless (approx slow roll params)

The slow roll equations then admit quasi-exponential expansion

Inflation ends and reheating occurs:

The total number of e-foldings is

L = 1
2gµν∂µφ∂νφ− V (φ)

Tµν = ∂µφ∂νφ− gµνL

ρ = 1
2 φ̇2 + V (φ) , P = 1

2 φ̇2 − V (φ) , w =
P

ρ
=

1
2 φ̇2 − V (φ)
1
2 φ̇2 + V (φ)

H2 =
1

3M2
pl

(
1
2 φ̇2 + V (φ)

)

M2
pl = (8πG)−1

φ̈ + 3Hφ̇ = −dV

dφ

ä

a
= − 1

6M2
pl

(ρ + 3P ) = H2(1− ε)

ε = − Ḣ

H2
=

1
2M2

pl

φ̇2

H2

η = − φ̈

Hφ̇

H2 =
1

3M2
pl

V (φ) , 3Hφ̇ = −dV
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H2
=

1
2M2

pl

φ̇2

H2

η = − φ̈

Hφ̇

H2 =
1

3M2
pl

V (φ) , 3Hφ̇ = −dV

dφ

1
2 φ̇2

R ≈ V (φR) or ε(φR) = 1

N = ln[a(ti)/a(tR)] =
∫ tR

ti

H dt =
∫ φR

φi

H

φ̇
dφ

≈ 1
M2

pl

∫ φR

φi

V ′

V
dφ (1)

φ̇2 # V (φ) |φ̈|#| 3Hφ̇|, |V ′| ↔ ε, η # 1

εV = 1
2M2

pl

(
V ′

V

)2

, ηV = M2
pl

V ′′

V
→ εV , ηV # 1



H2 =
1

3M2
pl

V (φ) , 3Hφ̇ = −dV

dφ

1
2 φ̇2

R ≈ V (φR) or ε(φR) = 1

N = ln[a(ti)/a(tR)] =
∫ tR

ti

H dt =
∫ φR

φi

H

φ̇
dφ

≈ 1
M2

pl

∫ φR

φi

V

V ′ dφ (1)

φ̇2 # V (φ) |φ̈|#| 3Hφ̇|, |V ′| ↔ ε, η # 1

εV = 1
2M2

pl

(
V ′

V

)2

, ηV = M2
pl

V ′′

V
→ εV , ηV # 1

Ω′ = HΩ(Ω− 1)

τ =
∫ t

0

dt′

a(t′)
, ()

ds2 = dt2 − a2(t)
[

dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ2

)]
, ()

0 <∼ 1− Ωpl
<∼ 10−60 . ()

ds2 = a2(τ)
[
dτ2 − dχ2 − sin2 χ(dθ2 + sin2 θdφ2)

]
, ()

0 < τ < 2π, 0 ≤ χ <π , 0 ≤ θ < π and 0 ≤ φ < 2π
τ = χ (dφ = dθ = 0)

1. The flatness problem: Why is the density ρ of the universe so close to the
unstable critical value ρc, that is, Ω ≈ 1?

2. The horizon problem: Why does the microwave background look the same
when it comes from causally disconnected regions of the universe?

3. The density fluctuation problem: The perturbations which gravitationally
collapsed to form galaxies must have been primordial in origin.

4. The dark energy/cosmological constant problem: What is the dark energy or
cosmological constant that dominates the universe today? Why is Λ 120 orders
of magnitude smaller than expected from quantum gravity?

Slow-roll inflation
An extended period of inflation ensues if slow roll conditions apply

or equivalently if the inflaton potential is flat and featureless (approx slow roll params)

The slow roll equations then admit quasi-exponential expansion

Inflation ends and reheating occurs:

The total number of e-foldings is
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H2
=

1
2M2

pl

φ̇2

H2

η = − φ̈

Hφ̇

H2 =
1

3M2
pl

V (φ) , 3Hφ̇ = −dV

dφ

φ̇2 " V (φ) |φ̈|"| 3Hφ̇|, |V ′| ↔ ε, η " 1

εV = 1
2M2

pl

(
V ′

V

)2

, ηV = M2
pl

V ′′

V
→ εV , ηV " 1

Ω′ = HΩ(Ω− 1)

τ =
∫ t

0

dt′

a(t′)
, ()

!

(V  !)

!!
iR

L = 1
2gµν∂µφ∂νφ− V (φ)

Tµν = ∂µφ∂νφ− gµνL

ρ = 1
2 φ̇2 + V (φ) , P = 1

2 φ̇2 − V (φ) , w =
P

ρ
=

1
2 φ̇2 − V (φ)
1
2 φ̇2 + V (φ)

H2 =
1

3M2
pl

(
1
2 φ̇2 + V (φ)

)

M2
pl = (8πG)−1

φ̈ + 3Hφ̇ = −dV

dφ

ä
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H2
=

1
2M2

pl

φ̇2

H2

η = − φ̈

Hφ̇

H2 =
1

3M2
pl

V (φ) , 3Hφ̇ = −dV

dφ

1
2 φ̇2

R ≈ V (φR) or ε(φR) = 1

N = ln[a(ti)/a(tR)] =
∫ tR

ti

H dt =
∫ φR

φi

H

φ̇
dφ

≈ 1
M2

pl

∫ φR

φi

V ′

V
dφ (1)

φ̇2 # V (φ) |φ̈|#| 3Hφ̇|, |V ′| ↔ ε, η # 1

εV = 1
2M2

pl

(
V ′

V

)2

, ηV = M2
pl

V ′′

V
→ εV , ηV # 1

L = 1
2gµν∂µφ∂νφ− V (φ)

Tµν = ∂µφ∂νφ− gµνL

ρ = 1
2 φ̇2 + V (φ) , P = 1

2 φ̇2 − V (φ) , w =
P

ρ
=

1
2 φ̇2 − V (φ)
1
2 φ̇2 + V (φ)

H2 =
1

3M2
pl

(
1
2 φ̇2 + V (φ)

)

M2
pl = (8πG)−1

φ̈ + 3Hφ̇ = −dV

dφ

ä
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Slow roll spectral index
Amplitude of scalar perturbations for slow roll

Spectral index in the slow roll approximation

so for simple free field potential 

and more generally 

Aside: Hamilton-Jacobi slow-roll params
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ȧ =
da

dφ
φ̇ = −da

dφ

1
3H

dV

dφ
−→ 1

a

da

dφ
= −3H2

(
dV

dφ

)−1

= − 1
4M2

pl

φ

a(t) = a(ti) exp

[
1

8M2
pl

(
φ2

i − φ2(t)
)
]

L = 1
2gµν∂µφ∂νφ− V (φ)

Tµν = ∂µφ∂νφ− gµνL

ρ = 1
2 φ̇2 + V (φ) , P = 1

2 φ̇2 − V (φ) , w =
P

ρ
=

1
2 φ̇2 − V (φ)
1
2 φ̇2 + V (φ)

H2 =
1

3M2
pl

(
1
2 φ̇2 + V (φ)

)

M2
pl = (8πG)−1

ns − 1 ≡
d ln ∆2

ζ

d ln k
−→ ns − 1 ≈ 2η − 4η ≈ 2ηV − 6εV

∆2
ζ(k) =

1
24π2

H2

M2
pl

1
ε

∣∣∣∣∣
k=aH

−→ ∆2
ζ(k) ≈ 1

24π2

V

M2
pl

1
εV

∣∣∣∣∣
k=aH

εV ≈ ηV ≈
1
N for V (φ) = 1

2m2φ2 −→ ns ≈ 1− 2
N ≈ 0.96

V (φ) = Λ4

(
φ

µ

)p

−→ ns ≈ 0.98− p

100

V (φ) =
λ

4
φ4

1
2 φ̇2 % V (φ) −→ φ0 & φR ≡

√
8
3
Mpl

φ̇ = 2
√

λ

3
Mplφ −→ φ(t) = φ0 exp

[
−2

√
λ

3
Mpl(t− ti)

]
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lin
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lin〉2

Leading order term 〈Φ(1)Φ(1)Φ(1)〉 ≈ 〈Φ(1)Φ(1) (Φ(1) ∗ Φ(1))〉
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ȧ =
da

dφ
φ̇ = −da

dφ

1
3H

dV

dφ
−→ 1

a

da

dφ
= −3H2

(
dV

dφ

)−1

= − 1
4M2

pl

φ

a(t) = a(ti) exp

[
1

8M2
pl

(
φ2

i − φ2(t)
)
]

L = 1
2gµν∂µφ∂νφ− V (φ)

Tµν = ∂µφ∂νφ− gµνL

ρ = 1
2 φ̇2 + V (φ) , P = 1

2 φ̇2 − V (φ) , w =
P

ρ
=

1
2 φ̇2 − V (φ)
1
2 φ̇2 + V (φ)

H2 =
1

3M2
pl

(
1
2 φ̇2 + V (φ)

)

M2
pl = (8πG)−1

B = 0 and E = 0 → χ = 0

Φ = 0 and B = 0

κ = 0

ρ(t, xi) = ρ̄(t) + δρ(t, xi)

Scalar ⇒ ρ̃(t̃, x̃i) = ρ(t, xi)

or ρ̄(t̃) + δ̃ρ(t̃, x̃i) = ρ̄(t) + δρ(t, xi)

But δ̃ρ(t̃, x̃i) is now defined at t̃ on M̄

Taylor expand ρ̄(t̃) = ρ̄(t) + ˙̄ρξ0 = ρ̄(t)− 3HN̄(ρ̄ + P̄ )ξ0

δ̃ρ(t̃, x̃i) = ρ̄(t) + δρ(t, xi)− ρ(t̃)
= δρ(t, xi) + 3HN̄(ρ̄ + P̄ )ξ0 (3)

Choose ξ0 = δρ/(3HN̄(ρ̄ + P̄ )) ⇒ δ̃ρ = 0 everywhere

Φ̂lin = Φlin â† + Φ∗
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ä

a
= − 1

6M2
pl

(ρ + 3P ) = H2(1− ε)

ε = − Ḣ
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Probability density function
Numerical results ...

Small NG signal for single field inflation
Significant fNL for multifield inflation (see later)

Ongoing stochastic simulations/theory (Funakoshi & EPS, 2011) 
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Randomness primer
Pascal’s triangle

Tossing a coin:
  Heads 
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Approaches “bell curve”
or normal distribution
(when rescaled)



Normal or Gaussian distribution 

Determined only by mean µ and standard deviation  

Central limit theorem: any independent random process
Gauss 1809
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For the CMB this is the sum over a 
3D object - the bispectrum 

γ1 =
1

4π

∑

li

h2
l1l2l3bl1l2l3

bl1l2l3



Non-randomness: the Bispectrum
We search for (isotropic) 
non-random correlations 
at three points,
i.e. summing over similar 
triangles with side lengths
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Gaussianity

Non-Gaussianity (local model with parameter fNL)

Perturbative expectations - inflation 
Perturbative higher order correlators fNL ~ O(1)

Second-order gravitational perturbations also ~ O(1)

Non-perturbative models - e.g. cosmic strings

Poor suppression of higher orders with signals  fNL ~ P(k)-1/2 ~ 105 >> 1

A Non-Gaussian Universe?
Φ̂lin = Φlin â† + Φ∗lin â ⇒ Gaussian with 〈Φ̂Φ̂Φ̂〉 = 0

Φ̂ = Φ̂lin + Φ̂NL where Φ̂NL = fNL Φ̂2
lin

⇒ nonGaussian with 〈Φ̂Φ̂Φ̂〉 ∼ fNL 〈Φ̂2
lin〉2
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ȧ =
da

dφ
φ̇ = −da

dφ

1
3H

dV

dφ
−→ 1

a

da

dφ
= −3H2

(
dV

dφ

)−1

= − 1
4M2

pl

φ

a(t) = a(ti) exp

[
1

8M2
pl

(
φ2

i − φ2(t)
)
]

L = 1
2gµν∂µφ∂νφ− V (φ)

Tµν = ∂µφ∂νφ− gµνL

k
1

k
2

k
3

2



Gaussianity

Non-Gaussianity (local model with parameter fNL)

Perturbative expectations - inflation 
Perturbative higher order correlators fNL ~ O(1)

Second-order gravitational perturbations also ~ O(1)

Non-perturbative models - e.g. cosmic strings

Poor suppression of higher orders with signals  fNL ~ P(k)-1/2 ~ 105 >> 1

A Non-Gaussian Universe?
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Exercise I: Local non-Gaussianity
Assume that higher order corrections to the linear pert. solution are

where the linear solution obeys 

Using the convolution theorem, show that second-order solution can 
be expressed in the form:

Hence, find the bispectrum for the local model defined by

with 

ζ(x) = ζ(1)(x) + ζ(2)(x) + ... = ζ(1) + fNL

(
(ζ(1))2 − 〈(ζ(1))2〉

)
+ ...

〈ζ(1)(k) ζ(1)(k′)〉 = (2π)3P (k) δ(k+ k′)

ζ(2)(k) =

∫
d3k′

(2π)3

∫
d3k′′

(2π)3

[
ζ(1)(k′) ζ(1)(k′′)− 〈ζ(1)(k′) ζ(1)(k′′)〉

]
δ(k− k′ − k′′)

〈ζ(k1) ζ(k2) ζ(k3)〉 = (2π)3δ(k1 + k2 + k3)B(k1, k2, k3)

B(k1, k2, k3) = 2fNL [P (k1)P (k2) + P (k2)P (k3) + P (k3)P (k1)] .
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(
(ζ(1))2 − 〈(ζ(1))2〉

)
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〈ζ(k1) ζ(k2) ζ(k3)〉 = (2π)3δ(k1 + k2 + k3)B(k1, k2, k3)

B(k1, k2, k3) = 2fNL [P (k1)P (k2) + P (k2)P (k3) + P (k3)P (k1)] .



Exercise I: Local non-Gaussianity
Assume that higher order corrections to the linear pert. solution are
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be expressed in the form:
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]
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Single field inflation non-Gaussianity (Maldacena, 2003)

Nonlinearity for                         only in prefactor of source Si[Qlin]

Expand to leading order ...

Squeezed limit with 
   k3 << k1,k2 = k

Schematically 2nd order solution is
yields 3-pt correlator or bispectrum: 

Local Non-Gaussianity
3

Si =
−κ

2a
√

ε̃

∫

d3k

(2π)3/2
Ẇ(k)ikie

ik·xQlin(k)α(k) + c.c.,

Ji =
−κ

2a
√

ε̃

∫

d3k

(2π)3/2
Ẇ(k)ikie

ik·x (8)

×
[

Q̇lin(k) −
1 + ε̃ + η̃

1 − ε̃
Qlin(k)

]

α(k) + c.c.,

where c.c. denotes the complex conjugate. W(k) is the
Fourier transform of an appropriate smoothing window
function which cuts off modes with wavelengths smaller
than the Hubble radius; we choose a Gaussian with
smoothing length R ≡ c/(aH) = c e−t, where c ≈ 3–5:

W(k) = e−k2R2/2. (9)

In our gauge R and hence W do not depend on ζi. The
perturbation quantity Qlin is the solution from linear the-
ory for the Sasaki-Mukhanov variable Q ≡ −a

√
2ε̃ ζ/κ.

It can be computed exactly numerically, or analytically
within the slow-roll approximation (see e.g. [17, 18]). Fi-
nally, α(k) is a Gaussian complex random number satis-
fying

〈α(k)α∗(k′)〉 = δ3(k− k
′) , 〈α(k)α(k′)〉 = 0. (10)

Since ζi and θi are smoothed long-wavelength vari-
ables, the appropriate initial conditions are that they
should be zero at early times when all the modes are
sub-horizon. Hence,

lim
t→−∞

ζi = 0, lim
t→−∞

θi = 0. (11)

The full linear solution Qlin contains both the growing
and decaying modes. If we neglect the decaying mode
(see the end of the next section for remarks about the
validity of this), it was shown in [9] that in the single-
field case Q̇lin = NH(1 + ε̃ + η̃)Qlin (actually this result
is true even beyond linear order). Then the system (6)
simplifies considerably, because this means that Ji = 0.
With the initial conditions specified above, we then must
have that θi = 0 at all times. Hence we are left with only

ζ̇i = Si. (12)

Note that for the fully non-linear case this is still non-
trivial to solve, since Si has a non-linear dependence on
ζi, as can be seen from (8) in combination with (7). We
can either deal with it directly numerically, or use an
approximation method to compute it analytically. The
numerics are the subject of another paper; here we con-
tinue with the analytic treatment.

Analytic approximations — In order to analytically
solve (12) we have to apply two approximations: in the
first place we only consider leading-order terms in a slow-
roll expansion, and secondly we set up an expansion in

perturbation orders. Hence only in this section do we
assume that ε̃ and η̃ are small; up to now the results
were valid for any value.

To leading order in slow roll, Qlin is given by (see e.g.
[18])

Qlin(k) =

√

π

4k

√
−ke−t H(1)

3/2(−ke−t)

≈
i√
2k

(

1

k
et −

i

3
k2e−2t

)

, (13)

with H(1)
3/2 the Hankel function of the first kind and of or-

der 3/2. In the second line we have taken the first terms
in a series expansion for late times; the first term is the
growing mode and the second the decaying mode. We
will at first consider only the growing mode, an assump-
tion which will be justified at the end of this section. The
overall unitary factor is irrelevant for the correlators and
will be omitted.

Equation (12) can now be solved perturbatively. At
first order all quantities in Si take their homogeneous
background values. Rewriting a = c/(RH), taking H
and ε̃ to be constant (leading-order slow-roll approxima-
tion), and switching to R = c e−t as integration variable,
the end result is (with ζ ≡ ∂−2∂iζi):

ζ(1)(x) = −
κ

2
√

2

∫

d3k

(2π)3/2

1

k3/2

HH√
ε̃H

e−k2R2/2 α(k)eik·x

+ c.c. (14)

Here the subscript H denotes evaluation at horizon cross-
ing. The time-dependent part e−k2R2/2 actually goes to
the constant value 1 very quickly (in about 3 e-folds af-
ter horizon crossing), so that ζ(1) is constant on suffi-
ciently long super-horizon scales, and independent of the
smoothing parameter c. Taking R → 0 we obtain the
standard power spectrum:

〈

|ζ(1)(k)|2
〉

=
κ2

4

1

k3

H2
H

ε̃H
. (15)

At second order in the perturbations we expand all
quantities in Si as follows (C = a, ε̃, etc.):

C(t,x) = C(0)(t) + C(1)(t,x) = C(0) + ∂−2∂i(∂iC)(1),
(16)

where we use (7) to compute ∂iC. In particular we find

∂iε̃ = −2ε̃

(

(1 − ε̃)θi +
ε̃ + η̃

1 − ε̃
ζi

)

. (17)

Since perturbing Qlin only gives next-to-leading-order
slow-roll contributions (a consequence of the fact that Q
is the appropriate quantity to use on short wavelengths,
not ζ) and in the gauge (5) the window function W is un-
perturbed, all non-linearity is actually contained in the
a
√

ε̃ factor in the expression (8) for Si. The resulting
equation is

ζ̇(2)
i = (2ε̃(0) + η̃(0)) ζ(1)S(1)

i , (18)
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Ṅ
N −NH

)
DtQi + ΩQi = 0

D2
t Qi −

(
Ṅ
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Q = Q(1) + Q(2) + Q(3) + .... with L(Q(1)) = S, L(Q(2)) = AQ(1) etc.

N (Σ(t1, x1),Σ(t2, x2)) = − 1
3
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K Ndt
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∫ t2

t1

H Ndt
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ζi = −∂ia

a
+

H

Π
∂iφ

ζi =
1

a
√

2ε
Qi =

H

aΠ
Qi

ζi −→ ζ

ζ = ∂−2∂iζi =
∫

d3k
kiζi

k2
eik·x

D2
t Qi −

(
Ṅ
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Single field inflation non-Gaussianity (Maldacena, 2003)

Nonlinearity for                         only in prefactor of source Si[Qlin]

Expand to leading order ...

Squeezed limit with 
   k3 << k1,k2 = k

Schematically 2nd order solution is
yields 3-pt correlator or bispectrum: 

Local Non-Gaussianity
3

Si =
−κ

2a
√

ε̃

∫

d3k

(2π)3/2
Ẇ(k)ikie

ik·xQlin(k)α(k) + c.c.,

Ji =
−κ

2a
√

ε̃

∫

d3k

(2π)3/2
Ẇ(k)ikie

ik·x (8)

×
[

Q̇lin(k) −
1 + ε̃ + η̃

1 − ε̃
Qlin(k)

]

α(k) + c.c.,

where c.c. denotes the complex conjugate. W(k) is the
Fourier transform of an appropriate smoothing window
function which cuts off modes with wavelengths smaller
than the Hubble radius; we choose a Gaussian with
smoothing length R ≡ c/(aH) = c e−t, where c ≈ 3–5:

W(k) = e−k2R2/2. (9)

In our gauge R and hence W do not depend on ζi. The
perturbation quantity Qlin is the solution from linear the-
ory for the Sasaki-Mukhanov variable Q ≡ −a

√
2ε̃ ζ/κ.

It can be computed exactly numerically, or analytically
within the slow-roll approximation (see e.g. [17, 18]). Fi-
nally, α(k) is a Gaussian complex random number satis-
fying

〈α(k)α∗(k′)〉 = δ3(k− k
′) , 〈α(k)α(k′)〉 = 0. (10)

Since ζi and θi are smoothed long-wavelength vari-
ables, the appropriate initial conditions are that they
should be zero at early times when all the modes are
sub-horizon. Hence,

lim
t→−∞

ζi = 0, lim
t→−∞

θi = 0. (11)

The full linear solution Qlin contains both the growing
and decaying modes. If we neglect the decaying mode
(see the end of the next section for remarks about the
validity of this), it was shown in [9] that in the single-
field case Q̇lin = NH(1 + ε̃ + η̃)Qlin (actually this result
is true even beyond linear order). Then the system (6)
simplifies considerably, because this means that Ji = 0.
With the initial conditions specified above, we then must
have that θi = 0 at all times. Hence we are left with only

ζ̇i = Si. (12)

Note that for the fully non-linear case this is still non-
trivial to solve, since Si has a non-linear dependence on
ζi, as can be seen from (8) in combination with (7). We
can either deal with it directly numerically, or use an
approximation method to compute it analytically. The
numerics are the subject of another paper; here we con-
tinue with the analytic treatment.

Analytic approximations — In order to analytically
solve (12) we have to apply two approximations: in the
first place we only consider leading-order terms in a slow-
roll expansion, and secondly we set up an expansion in

perturbation orders. Hence only in this section do we
assume that ε̃ and η̃ are small; up to now the results
were valid for any value.

To leading order in slow roll, Qlin is given by (see e.g.
[18])

Qlin(k) =

√

π

4k

√
−ke−t H(1)

3/2(−ke−t)

≈
i√
2k

(

1

k
et −

i

3
k2e−2t

)

, (13)

with H(1)
3/2 the Hankel function of the first kind and of or-

der 3/2. In the second line we have taken the first terms
in a series expansion for late times; the first term is the
growing mode and the second the decaying mode. We
will at first consider only the growing mode, an assump-
tion which will be justified at the end of this section. The
overall unitary factor is irrelevant for the correlators and
will be omitted.

Equation (12) can now be solved perturbatively. At
first order all quantities in Si take their homogeneous
background values. Rewriting a = c/(RH), taking H
and ε̃ to be constant (leading-order slow-roll approxima-
tion), and switching to R = c e−t as integration variable,
the end result is (with ζ ≡ ∂−2∂iζi):

ζ(1)(x) = −
κ

2
√

2

∫

d3k

(2π)3/2

1

k3/2

HH√
ε̃H

e−k2R2/2 α(k)eik·x

+ c.c. (14)

Here the subscript H denotes evaluation at horizon cross-
ing. The time-dependent part e−k2R2/2 actually goes to
the constant value 1 very quickly (in about 3 e-folds af-
ter horizon crossing), so that ζ(1) is constant on suffi-
ciently long super-horizon scales, and independent of the
smoothing parameter c. Taking R → 0 we obtain the
standard power spectrum:

〈

|ζ(1)(k)|2
〉

=
κ2

4

1

k3

H2
H

ε̃H
. (15)

At second order in the perturbations we expand all
quantities in Si as follows (C = a, ε̃, etc.):

C(t,x) = C(0)(t) + C(1)(t,x) = C(0) + ∂−2∂i(∂iC)(1),
(16)

where we use (7) to compute ∂iC. In particular we find

∂iε̃ = −2ε̃

(

(1 − ε̃)θi +
ε̃ + η̃

1 − ε̃
ζi

)

. (17)

Since perturbing Qlin only gives next-to-leading-order
slow-roll contributions (a consequence of the fact that Q
is the appropriate quantity to use on short wavelengths,
not ζ) and in the gauge (5) the window function W is un-
perturbed, all non-linearity is actually contained in the
a
√

ε̃ factor in the expression (8) for Si. The resulting
equation is

ζ̇(2)
i = (2ε̃(0) + η̃(0)) ζ(1)S(1)

i , (18)
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with a projected constraint |fNL| ≤ 5 (2σ) [8] (almost at the level of cosmic variance, |fNL| ≤ 3 (2σ)), the focus of
this paper remains on the CMB bispectrum.

In section 2, we review the relationship between the primordial bispectrum and its counterpart in the CMB,
noting the importance of separability for present estimators. We also present a new analytic solution for the CMB
bispectrum from a constant primordial model, against which it is useful to normalise other models. In section 3,
we introduce the shape function relevant for nearly scale-invariant bispectra, and we review the current literature
classifying current non-Gaussian models into centre-, corner- and edge-weighted categories, as well as those which
are not scale-invariant. We use a shape correlator to forecast the cross-correlation of the CMB bispectra for all
these different models, identifying five distinct classes of shapes. This work takes forward earlier discussions of the
non-Gaussian shape (see, for example, [9–11]) but here we are able to directly compare to the actual CMB bispectra
for all the models. Moreover, we propose a specific eigenfunction decomposition of the shape function which offers
insight as to why particular shapes are related or otherwise.

In section 4, we describe important improvements to the numerical methods which we use to make accurate
computations of the CMB bispectrum for all the models surveyed [1]. The most important of these are the flat sky
approximation and a cubic interpolation scheme for the tetrahedral domain of allowed multipoles. What was previously
regarded as an insurmountable computational problem has now become tractable, irrespective of separability. In
section 5, we present the main results detailing the cross-correlations for all the different models, while confirming the
different classes of independent shapes previously identified, some of which remain to be fully constrained (even by
present data). We compare the results of the shape and CMB bispectra correlators, noting the efficacy of the shape
approach in identifying models for which quantitative CMB analysis is required. Finally, in section 6, we propose an
alternative normalisation procedure for fNL which brings the constraints into a more consistent pattern, allowing for
a model-independent comparison of the true level of non-Gaussianity.

RELATING THE PRIMORDIAL AND CMB BISPECTRUM

The primordial gravitational potential Φ(k) induces CMB temperature anisotropies which we represent using alm’s,
that is,

∆T

T
(n̂) =

∑

lm

almYlm(n̂) .

The linear evolution which relates them is mediated by the transfer functions ∆l(k) through the integral,

alm = 4π(−i)l

∫

d3k

(2π)3
∆l(k)Φ(k)Ylm(k̂) . (4)

The CMB bispectrum is the three point correlator of the alm,

Bl1l2l3
m1m2m3

= 〈al1m1
al2m2

al3m3
〉 , (5)

and so, substituting (4), we obtain

Bl1l2l3
m1m2m3

= (4π)3(−i)l1+l2+l3
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d3k3

(2π)3
∆l1(k1)∆l2(k2)∆l3(k3)

〈Φ(k1)Φ(k2)Φ(k3)〉 Yl1m1
(k̂1)Yl2m2

(k̂2)Yl3m3
(k̂3) . (6)

The primordial bispectrum is defined as

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3BΦ(k1, k2, k3) δ(k1 + k2 + k3) , (7)

where the delta function enforces the triangle condition. We replace the delta function with its integral form and
expand the exponential into spherical harmonics. If we substitute this into equation (6) and integrate out the angular
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K = −3H + κ with 1
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N̄H
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δN = −δΨ

k 3

k 2

k 1
0 

(0,K,K)

(K,0,K)

(K,K,0)

K

K
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with solution

ζ(2)(x) =
κ2

8

∫∫

d3kd3k′

(2π)3
1

k3/2k′3/2

HH√
ε̃H

HH′

√
ε̃H′

×(2ε̃H′ + η̃H′)
k2

k2 + k′2
e−(k2+k′2)R2/2

×

(

k2 + k · k′

|k + k′|2
ei(k+k

′)·xα(k)α(k′) (19)

+
k2 − k · k′

|k − k′|2
ei(k−k

′)·xα(k)α∗(k′)

)

+ c.c.

Again, the time-dependent term e−(k2+k′2)R2/2 very
quickly goes to 1, so that ζ(2), like ζ(1), is constant on suf-
ficiently long super-horizon scales and independent of c.

From (19) we note that 〈ζ(2)〉 is indeterminate. To re-
move this ambiguity and also require that perturbations
have a zero average, we define ζ̃ ≡ ζ − 〈ζ〉. Expanding
ζ̃ = ζ̃(1)+ζ̃(2) and switching over to Fourier space, we find
the three-point correlator (or rather, the bispectrum) to
be

〈

ζ̃(x1)ζ̃(x2)ζ̃(x3)
〉

(k1,k2,k3) (20)

= (2π)3δ3 (
∑

sks) [f(k1,k2) + f(k1,k3) + f(k2,k3)]

with

f(k,k′) ≡
κ4

16

1

k3k′3

H2
H

ε̃H

H2
H′

ε̃H′

[(

(2ε̃H′ + η̃H′)
k2

k2 + k′2

×
k2 + k · k′

|k + k′|2

)

+ (k ↔ k
′)

]

. (21)

This result is independent of c, so that our choice of
smoothing scale does not matter. Note that it is valid
to second order in the perturbations, to leading order in
slow roll, and on sufficiently long super-horizon scales so
that ζ has become constant.

In the limit k3 ( k1, k2 (and hence k1 = −k2 ≡ k), the
above expression gives (leaving aside the overall factor of
(2π)3δ3(

∑

s ks)):

〈ζ̃ ζ̃ ζ̃〉 =
κ4

8

1

k3k3
3

H2
H

ε̃H

H2
H3

ε̃H3

(2ε̃H3
+ η̃H3

)

= −ñ(k3)〈|ζ(k)|2〉〈|ζ(k3)|2〉, (22)

with ñ = n−1 the scalar spectral index. From (21), the
non-linearity parameter fNL has momentum dependence
in general. In the limit where one of the momenta is
much smaller than the other two, fNL ∼ ñ during single-
field slow-roll inflation. Hence, at least in this limit,
non-Gaussianity is very small in any such inflation model
which is compatible with observations. The result (22)
agrees exactly with the corresponding limit of [8]. A sim-
ilar conclusion was also reached in [5].

However, since we have obtained the full momentum
dependence, it is interesting to go beyond this specific
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FIG. 1: (a) The three-point correlator (20), (21) for single-
field slow-roll inflation, multiplied by k3

1k3
2k

3
3/((k2

1 + k2
2 +

k2
3)/2)

3/2[(κ4/16)(H4/ε̃2)(2ε̃ + η̃)]−1, plotted to show its de-
pendence on the relative size of the three momenta. (b) An
explanation of the triangular domain used, defined in (23).

limit. Actually the three-point correlator does not de-
pend on the three full vectors k1,k2,k3, but only on
three scalar quantities, which can be taken to be the three
lengths k1, k2, k3 (physically this corresponds to statisti-
cal isotropy). We can redefine variables to get the overall
magnitude k ≡ k1 + k2 + k3 and two ratios γ and β,

γ ≡ 2
k2 − k3

k
, β ≡ −

√
3

k1 − k2 − k3

k
, (23)

which means that

k1 =
k

2

(

1 −
β√
3

)

, k2,3 =
k

4

(

1 ± γ +
β√
3

)

. (24)

In addition, because k1 + k2 + k3 = 0, one can use rela-
tions like |k1 + k2|2 = k2

3 and k1 · k2 = (k2
3 − k2

1 − k2
2)/2.

The domain of γ and β is an equilateral triangle as shown
in figure 1(b). The vertices of the triangle correspond
to one of the three momenta being zero (the limit for
(22)), while the sides correspond to one of the momenta
being equal to half the total sum (k/2). From its ver-
tex to the opposite side ks grows linearly. Plotting the
three-point correlator in such a way demonstrates its
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Ṅ
N −NH

)
DtQi + ΩQi = Si[Qlin(k)α∗(k)]

〈α(k)α(k′)〉 = δ3([k− k′)

Q = Q(1) + Q(2) + Q(3) + .... with L(Q(1)) = S, L(Q(2)) = AQ(1) etc.

∂iε = −2ε(2ε− η) −→ ζi = (4ε− 2η) ζ(1) S(1)
i

〈ζ(1) ζ(1) ζ(2)〉 = (2π)3δ(k1 + k2 + k3) B(k1, k2, k3)

= (2π)3δ(
∑

i

ki)
κ4

8
1

k3 k3
3

H2
k3

εk3

H2
k

εk
(4εk3 − 2ηk3) k3 & k1, k2 (k2 ≈ k1 = k) (1)

S(k1, k2, k3) =
1
N

(k1k2k3)2 B(k1, k2, k3)

k1 + k2 + k3 = const.

S(k1, k2, k3) ≈ 1
3

(
k3
1 + k3

2 + k3
3

k1k2k3

)

N (Σ(t1, x1),Σ(t2, x2)) = − 1
3

∫ t2

t1

K Ndt

N̄ =
∫ t2

t1

H Ndt

ζi = −∂ia

a
+

H

Π
∂iφ

ζi =
1

a
√

2ε
Qi =

H

aΠ
Qi

ζi −→ ζ

ζ = ∂−2∂iζi =
∫

d3k
kiζi

k2
eik·x

D2
t Qi −

(
Ṅ
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No-Go Theorem
Simple inflation models cannot generate observable non-Gaussianity:

            • single scalar field

            • canonical kinetic terms

            • always slow roll 

            • ground state initial vacuum

            • standard Einstein gravity 

Non-Gaussianity is arguably the most stringent test of the standard picture

But simple inflation model-building faces rigorous challenges in fundamental 
theory (e.g. eta problem and super-Planckian field values).   Many new ideas/
solutions violate these conditions!



Inflation in string theory
Motivated by deficiencies of inflation

UV completeness sensitivity 
Super-Planckian fields
Eta problem - quantum corrections
Challenges to effective field theory

Rich structure 
warped branes, axions, eternal inflation
landscape ...

Dvali & Tye, 2000
Sarangi & Tye, 2002
KKLMMT, 2003 



Multiple field inflation
Non-Gaussianity from interacting potentials 

Significant final fNL  ingredients:
• corner turning
• nontrivial potential 
• or breakout (hybrid models) 

fNL

Time (e-foldings)

X̄α(n̂) =
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Xα(l)
alm

Cl
Ylm(n̂), X̄ ′
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)
. (8)

V (φ1,φ2) = m2
1φ

2
1 + m2φ

2
2

V (φ1,φ2) =
1
4
λ(φ2

1 + φ2
2 −m2)2 + ν(φ1 + m)3

Rigopoulos, EPS, van Tent 05, 06
see also Vernizzi & Wands 06,
and Bernadeau & Uzan 02
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Large NG from multifield inflation
Curvatons - non-participating, later dominant
 e.g. Linde & Mukhanov 96; Lyth & Wands 01; Moroi &Takahashi 01

  Simple curvatons local, but corrections:
     e.g. Fassielo et al, 11;   Lerner et al, 11;  Byrnes et al, 11.

Corner-turning multifield models
Slow-roll: Byrnes, Choi, Hall, 08a, 08b; see also Seery & Lidsey, 04
General: RSvT, 07;  Peterson & Tegmark, 10;  Meyer & Sivanandam

Hybrid or waterfall inflation models  Barnaby & Cline, 06; Naruko & Sasaki, 08;  Mulryne et al 11. 

  



Multiple field inflation 
•Complex corner-turning dynamics during multifield inflation 

 

•End of inflation, reheating and preheating 

•Curvatons - post-inflation eqn of state modification

Higher derivative kinetic terms 
•K-inflation, DBI inflation - modified sound speed

Excited initial states - trans-Planckian effects

Feature and periodic models (non slow roll)

Secondary anisotropies - e.g. ISW, cosmic strings

Non-Gaussian Sources

e.g. Silverstein & Tong 2003; Alishaha et al 2004; Chen et al 2006

e.g. Enqvist et al 2005; Rajantie et al, 2008; Kofman et al, 2009;

e.g. Rigopoulos et al 2005; Vernizzi & Wands, 2006; Byrnes, 2010

e.g. Linde & Mukhanov 96; Lyth & Wands 01; Moroi &Takahashi 01

e.g. Chen, Easther & Lim, 2005; Meerburg, 2010 

e.g. Chen, et al, 2006; Holman & Tolley, 2008; Meerburg et al 2008 
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Cosmic (super)strings
Brane inflation collisions (F- and D-strings) or SUSY GUT models
Scale-invariant evolution
Non-Gaussian CMB signature

Trispectrum key, not bispectrum 

Analytic approximations for string bispectrum Hindmarsh & Ringeval, 09

String polyspectra calculated for Planck - T competitive w. P(k) Regan & EPS, 09

STRING
MOTION
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Primordial & CMB Bispectra
A primordial bispectrum B(k1,k2,k3) = S(k1,k2,k3)/(k1k2k3)2 induces

For the CMB, the bispectrum and trispectrum* are defined by

* For simplicity we give formulae only for diagonal-free trispectra. 
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Local Equilateral

Pure cubic
−58 < fNL < 134 W1, Komatsu et al 2003 −366 < fNL < 238 W1, Creminelli et al 2006

−54 < fNL < 114 W3, Spergel et al 2007 −256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

−27 < fNL < 121 W1, Creminelli et al, 2006 −151 < fNL < 253 W5, Komatsu et al 2009

−36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

−9 < fNL < 111 W5, Komatsu et al 2009

Optimal
12 < fNL < 104 W3, Smith et al 2009 −125 < fNL < 435 W5, Smith et al 2009

−4 < fNL < 80 W5, Smith et al 2009 −254 < fNL < 306 W7, Komatsu et al 2010

−10 < fNL < 74 W7, Komatsu et al 2010
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For the CMB, the bispectrum and trispectrum* are defined by

* For simplicity we give formulae only for diagonal-free trispectra. 
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Local Equilateral

Pure cubic
−58 < fNL < 134 W1, Komatsu et al 2003 −366 < fNL < 238 W1, Creminelli et al 2006

−54 < fNL < 114 W3, Spergel et al 2007 −256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

−27 < fNL < 121 W1, Creminelli et al, 2006 −151 < fNL < 253 W5, Komatsu et al 2009

−36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

−9 < fNL < 111 W5, Komatsu et al 2009
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12 < fNL < 104 W3, Smith et al 2009 −125 < fNL < 435 W5, Smith et al 2009

−4 < fNL < 80 W5, Smith et al 2009 −254 < fNL < 306 W7, Komatsu et al 2010

−10 < fNL < 74 W7, Komatsu et al 2010
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Exercise II: CMB Local non-Gaussianity
The reduced CMB bispectrum arises from the primordial bispectrum

In the large-angle approximation (l << 200), we can approximate the 

transfer functions by                           with                         .

In the local model with                   , show that the 4D bispectrum 
integral above becomes separable yielding the large-angle analytic result

Hint:  Note the results

bl1l2l3 =

(
2

π

)3 ∫
dxdk1dk2dk3(xk1k2k3)

2B(k1, k2, k3)∆l1(k1)∆l2(k2)∆l3(k3)jl1(k1x)jl2(k2x)jl3(k3x)

∆l(k) =
1

3
jl(∆τk) ∆τ = τ0 − τdec

bl1l2l3 ∝ 1

27π2
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1

l1(l1 + 1)l2(l2 + 1)
+

1

l2(l2 + 1)l3(l3 + 1)
+

1

l3(l3 + 1)l1(l1 + 1)

)
.

∫
dk k2jl(ak)jl(bk) =

π

2a2
δ(a− b)

∫
dk k−1jl(ak)jl(bk) = (2l(l + 1))−1

P (k) ∝ k−3
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CMB polyspectra

Power spectrum (2pt correlator) Equal-l Blll  Bispectrum 
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Bispectrum estimator
Purpose: Test a model with predicted theoretical bispectrum

Estimator gives a least squares fit to the data

with covariance matrix                                            

with inverse weighting                                                             (ideal case)
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Ñ2

∑

limi

Gl1l2l3
m1m2m3

b̃th
l1l2l3

C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3 − 6 Csim

l1m1,l2m2
al3m3

)
(19)

E =
1

Ñ2

∑

limi

〈ath
l1m1

ath
l2m2

ath
l3m3

〉
C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3−6 Csim

l1m1,l2m2
al3m3

)
(20)

=
1

Ñ2
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Bispectrum estimator
Purpose: Test a model with predicted theoretical bispectrum

Estimator gives a least squares fit to the data

with covariance matrix                                            

with inverse weighting                                                             (ideal case)
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Bispectrum estimator
Purpose: Test a model with predicted theoretical bispectrum

Estimator gives a least squares fit to the data

with covariance matrix                                            

with inverse weighting                                                             (ideal case)
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Ñ2

∑

limi

Gl1l2l3
m1m2m3

b̃th
l1l2l3

C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3 − 6 Csim

l1m1,l2m2
al3m3

)
(18)

E =
1

Ñ2
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Model
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Bispectrum estimator
Purpose: Test a model with predicted theoretical bispectrum

Estimator gives a least squares fit to the data

with covariance matrix                                            

with inverse weighting                                                             (ideal case)
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Ñ2

∑

limi

〈ath
l1m1

ath
l2m2

ath
l3m3

〉
C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3−6 Csim

l1m1,l2m2
al3m3

)
(19)

=
1

Ñ2
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Noise
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Model
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Realistic CMB estimator
Need to incorporate effects of masks, noise, and beams

           WMAP KQ75 Mask                                WMAP inhomogeneous noise

Linear term to subtract out spurious contributions 

where Cl
sim is an average over many realistic Gaussian realizations

Include effects of noise, beams and masking through 
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where Cl
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Linear term to subtract out spurious contributions 

where Cl
sim is an average over many realistic Gaussian realizations

Include effects of noise, beams and masking through 
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Ñ2

∑

limi

〈ath
l1m1

ath
l2m2

ath
l3m3

〉
C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3−6 Csim

l1m1,l2m2
al3m3

)
(20)

=
1

Ñ2
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Bispectrum constraints
Computational cost of direct CMB estimation is Operations ~ 103 x L5

Separable primordial models: 
               these require only    Operations ~ 103 x L2   (L=lmax) 

TRACTABILITY = SEPARABILITY!
Example: Local model where 
Recall the 4D bispectrum integral

which reduces to

Limited constraints achieved - WMAP team only local, equilateral and orthogonal.
          e.g. local model                             (Komatsu et al, 2010)

F̄ 2
NL ≡ 1

N2
loc

∑

limi

Bl1l2l3
m1m2m3

2

Cl1Cl2Cl3

=
1

N2
loc

∑

li

h2
l1l2l3

b2
l1l2l3

Cl1Cl2Cl3

. (27)

γ1 ≡ 〈
(

∆T

T
(n̂)

)3

〉 =
1
4π

∑

li

h2
l1l2l3bl1l2l3 . (28)

S(k1, k2, k3) ≡
1
N

(k1k2k3)2BΦ(k1, k2, k3) . (29)

S(k1, k2, k3) ≡
1
N

(k1k2k3)2BΦ(k1, k2, k3) (30)

bl1l2l3 =
(

2
π

)3 ∫
x2dx

∫
dk1dk2dk3 S(k1, k2, k3) (31)

×∆l1(k1) ∆l2(k2) ∆l3(k3) jl1(k1x) jl2(k2x) jl3(k3x) (32)

bl1l2l3 =
(

2
π

)3 ∫
x2dx

∫
dk1dk2dk3 S(k1, k2, k3) (33)

×∆l1(k1) ∆l2(k2) ∆l3(k3) jl1(k1x) jl2(k2x) jl3(k3x) (34)

Slocal(k1, k2, k3) =
1
3

(
k2
1

k2k3
+

k2
2

k1k3
+

k2
3

k1k2

)
(35)

Slocal(k1, k2, k3) =
1
3

(
k2
1

k2k3
+

k2
2

k1k3
+

k2
3

k1k2

)
(36)

Local Equilateral

Pure cubic
−58 < fNL < 134 W1, Komatsu et al 2003 −366 < fNL < 238 W1, Creminelli et al 2006

−54 < fNL < 114 W3, Spergel et al 2007 −256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

−27 < fNL < 121 W1, Creminelli et al, 2006 −151 < fNL < 253 W5, Komatsu et al 2009

−36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

−9 < fNL < 111 W5, Komatsu et al 2009

Optimal
12 < fNL < 104 W3, Smith et al 2009 −125 < fNL < 435 W5, Smith et al 2009

−4 < fNL < 80 W5, Smith et al 2009 −254 < fNL < 306 W7, Komatsu et al 2010

−10 < fNL < 74 W7, Komatsu et al 2010

B(k1, k2, k3) = X(k1)Y (k2)Z(k3) + perms.

B(k1, k2, k3) = P (k1)P (k2) + perms.

bl1l2l3 =

∫
x2dxAl1(x)Al2(x)Bl3(x) + perms. Al(x) =

∫
k2dk P (k)∆l(k) jl(kx)

Bl(x) =

∫
k2dk∆l(k) jl(kx)

−10 < fNL < 74
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General Modal Estimator
Current estimators (e.g. KSW) extract primordial signals from the CMB

1.  Late-time estimators filter for polyspectra in the CMB map

     Efficient: Transfer functions evaluated only once for primordial theory

      Flexible:   Can seek late-time contributions (e.g. strings) / contaminants

2. Modal expansion allows efficient separable study of all bispectra

Also • reconstruction of CMB bispectrum   • NG map simulation

PRIMORDIAL
BISPECTRUM ESTIMATOR

OBSERVED
OR SIMULATED

CMB MAPS

EVOLUTION
 BY TRANSFER 

FUNCTIONS

bl1l2l3 =
∑

p

∑

r

∑

s

αprs qp(l1) qr(l2) qs(l3) (1)

S(k1, k2, k3) = s(k1) s(k2) s(k3) −→ bl1l2l3 =
(

2
π

)3 ∫
x2dx

3∏

i=1

(∫
dk s(k) ∆li(k) jli(kx)

)

bl1l2l3 =
1
N

(
2
π

)3 ∫
x2dx

∫
dk1dk2dk3 S(k1, k2, k3) ∆l1(k1)∆l2(k2)∆l3(k3) jl1(k1x)jl2(k2x)jl3(k3x). (2)

I. CMB BISPECTRUM ESTIMATION AND FNL NORMALISATION

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3 δD(k1 + k2 + k3) BΦ(k1, k2, k3) . (3)

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3 δD(k1 + k2 + k3) BΦ(k1, k2, k3) . (4)

∆T

T
(n̂) =

∑

lm

almYlm(n̂) , (5)

∆T

T
(n̂) =

∑

lm

almYlm(n̂) (6)

Bl1l2l3
m1m2m3

= al1m1al2m2al3m3 , (7)

Bl1l2l3
m1m2m3

= al1m1al2m2al3m3 , (8)

bl1l2l3 =
∑

mi

Gl1l2l3
m1m2m3

Bl1l2l3
m1m2m3

, (9)

bl1l2l3 =
∑

mi

Gl1l2l3
m1m2m3

Bl1l2l3
m1m2m3

(10)

hl1l2l3 =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
(11)

hl1l2l3 =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
(12)

astro-ph/0612713, arXiv:1012.6039
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General Modal Estimator
Current estimators (e.g. KSW) extract primordial signals from the CMB

1.  Late-time estimators filter for polyspectra in the CMB map

     Efficient: Transfer functions evaluated only once for primordial theory

      Flexible:   Can seek late-time contributions (e.g. strings) / contaminants

2. Modal expansion allows efficient separable study of all bispectra

Also • reconstruction of CMB bispectrum   • NG map simulation

PRIMORDIAL
BISPECTRUM ESTIMATOR

OBSERVED
OR SIMULATED

CMB MAPSEVOLUTION
 BY TRANSFER 

FUNCTIONSEVOLUTION
BY TRANSFER 
FUNCTIONS
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(
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dk1dk2dk3 S(k1, k2, k3) ∆l1(k1)∆l2(k2)∆l3(k3) jl1(k1x)jl2(k2x)jl3(k3x). (2)

I. CMB BISPECTRUM ESTIMATION AND FNL NORMALISATION

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3 δD(k1 + k2 + k3) BΦ(k1, k2, k3) . (3)

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3 δD(k1 + k2 + k3) BΦ(k1, k2, k3) . (4)

∆T

T
(n̂) =

∑

lm

almYlm(n̂) , (5)

∆T

T
(n̂) =

∑

lm

almYlm(n̂) (6)

Bl1l2l3
m1m2m3

= al1m1al2m2al3m3 , (7)

Bl1l2l3
m1m2m3

= al1m1al2m2al3m3 , (8)

bl1l2l3 =
∑

mi

Gl1l2l3
m1m2m3

Bl1l2l3
m1m2m3

, (9)

bl1l2l3 =
∑

mi

Gl1l2l3
m1m2m3

Bl1l2l3
m1m2m3

(10)

hl1l2l3 =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
(11)

hl1l2l3 =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
(12)

astro-ph/0612713, arXiv:1012.6039



Allowed multipoles l1,l2,l3 for the CMB bispectrum live in the domain

Inner product:
Defined by estimator sum

with weight 

an (uninteresting) geometric factor 

Tetrapyd - bispectrum domain
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III. SEPARABLE MODE EXPANSIONS

When analysing the CMB bispectrum bl1l2l3 , we are restricted to a tetrahedral domain of multipole
triples {l1l2l3} satisfying both a triangle condition and a limit given by the maximum resolution lmax of
the experiment. This three-dimensional domain VT of allowed multipoles is illustrated in fig. 2 and it is
explicitly defined by

Resolution: l1, l2, l3 ≤ lmax , l1, l2, l3 ∈ N ,

Triangle condition: l1 ≤ l2 + l3 for l1 ≥ l2, l3, + cyclic perms. , (18)

Parity condition: l1 + l2 + l3 = 2n , n ∈ N .

The multipole domain is denoted a ‘tetrapyd’ because it arises from the union of a regular tetrahedron
from the origin out to the plane l1 + l2 + l3 ≤ 2lmax and a triangular pyramid constructed from the corner
of the cube taking in the remaining multipole values out to li ≤ lmax. Summed bispectrum expressions
such as (15) indicate that we must define a weight function wl1l2l3 on the tetrapyd domain in terms of the
geometrical factor hl1l2l3 , that is,

wl1l2l3 = h2l1l2l3 . (19)

This is a nearly constant function on cross sections defined by l1 + l2 + l3 = const, except very near the
tetrahedral boundaries where it is still bounded, and a useful and accurate continuum limit w(l1, l2, l3) is
given in [1]. In order to eliminate an l−1/2 scaling in the bispectrum estimator functions, we usually exploit
the freedom to divide by a separable function and to employ instead the weight

ws(l1, l2, l3) =
wl1l2l3

v2l1v
2
l2
v2l3

, where vl = (2l + 1)1/6 . (20)

We can then define an inner product of two functions f(l1, l2, l3), g(l1, l2, l3) on the tetrapyd domain (18)
through

〈f, g〉 ≡
∑

l1,l2,l3∈VT

ws(l1, l2, l3) f(l1, l2, l3) g(l1, l2, l3) . (21)

Given that calculations generally deal with smooth functions f, g, w, v, we can use a variety of schemes to
speed up this summation (effectively an integration).
Our goal is to represent the observed CMB bispectrum estimator functions, such as those in (12) and

(15), on the multipole domain (18) using a separable mode expansion,

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3 =
∑

n

ᾱQ
nQn(l1, l2, l3) , (22)

where the Qn are basis functions constructed from symmetrised polynomial products

Qn(l1, l2, l3) = 1
6 [q̄p(l1) q̄r(l2) q̄s(l3) + q̄r(l1) q̄p(l2) q̄s(l3) + cyclic perms in prs]

≡ q̄{pqrqs} with n ↔ {prs} , (23)

with the q̄p(l) defined below. Here, the six permutations of the polynomial products which we denote
as {prs} reflect the underlying symmetries of the bispectrum bl1l2l3 . For convenience, we define a one-
to-one mapping n ↔ {prs} ordering the permuted triple indices into a single list labelled by n ∈ N.
Alternative ‘slicing’ and ‘distance’ orderings were presented in ref. [1], but the results presented here are
robust to this change. However, we shall quote explicit coefficients βQ

n resulting from distance ordering
(i.e. n(l1, l2, l3) < n′(l′1, l

′
2, l

′
3) implies l21 + l22 + l23 ≤ l′1

2 + l′2
2 + l′3

2 and in the instance of two modes being
equidistant the one with most equal li takes precedence).
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where hl1l2l3 is a geometrical factor,

hl1l2l3 =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
, (4)

and G l1 l2 l3
m1m2m3

is the Gaunt integral,

Gl1l2l3
m1m2m3

≡
∫

dΩYl1m1
(n̂)Yl2m2

(n̂)Yl3m3
(n̂)

= hl1l2l3

(
l1 l2 l3
m1 m2 m3

)
, (5)

with the usual Wigner-3j symbol
( l1
m1

l2
m2

l3
m3

)
. It is more convenient to eliminate the geometrical factors

entirely and to work with the reduced bispectrum which is defined as

bl1l2l3 = h−1
l1l2l3

Bl1l2l3 . (6)

It is important to note the relationship between the late-time CMB bispectrum bl1l2l3 and the primordial
bispectrum BΦ(k1, k2, k3) from which it would arise in many models, notably inflation. The convention has
been to remove a k−6 scaling by defining a shape function:

S(k1, k2, k3) ≡
1

N
(k1k2k3)

2BΦ(k1, k2, k3) . (7)

The shape function (7) is particularly pertinent for scale-invariant models because their momentum depen-
dence is restricted entirely to planes transverse to the diagonal k̃ = 1

2(k1 + k2 + k3). The CMB bispectrum
induced by the primordial shape S is obtained from the convolution [9]:

bl1l2l3 =

(
2

π

)3 ∫
x2dx

∫
dk1dk2dk3 S(k1, k2, k3)

×∆l1(k1)∆l2(k2)∆l3(k3) jl1(k1x) jl2(k2x) jl3(k3x) , (8)

where ∆l(k) is the transfer function.
The impact of the transfer functions in (8) is to impose a series of acoustic peaks on the underlying

primordial shape, as illustrated for the CMB bispectrum of the constant model S(k1, k2, k3) = 1 in fig. 1.
Here, we can observe a large primary peak when all the li ≈ 220. In principle, the CMB bispectrum
is difficult to evaluate since (8) represents a four-dimensional integral over highly oscillatory functions.
However, the integral breaks down into a product of one-dimensional integrals if the shape function is
separable, that is, if it can be represented in the form S(k1, k2, k3) = X(k1)Y (k2)Z(k3). In the large-angle
limit with ∆l(k) = jl(...) (l $ 200) it is possible in some separable models to obtain analytic solutions, such
as that for the constant model [5]

bconst(la)l1l2l3
=

∆2
Φ

27N

1

(2"1 + 1)(2"2 + 1)(2"3 + 1)

[
1

"1 + "2 + "3 + 3
+

1

"1 + "2 + "3

]
. (9)

This particular regular solution is important because we divide by it when plotting the CMB bispectrum

bl1l2l3/b
const(la)
l1l2l3

throughout this paper. Normalising with the constant model (9) is analogous to multiplying

the power spectrum Cl’s by l(l+1), because it serves to remove an overall "−4 scaling for all scale-invariant
bispectra, preserving the effects of the oscillating transfer functions without introducing spurious transverse
momentum dependence.

B. CMB bispectrum estimators

Now it is usually presumed that the full bispectrum for a high resolution map cannot be evaluated
explicitly because of the sheer number of operations involved O(l5max), as well as the fact that the signal
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vl1vl2vl3√
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ᾱQ
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where the Qn are basis functions constructed from symmetrised polynomial products

Qn(l1, l2, l3) = 1
6 [q̄p(l1) q̄r(l2) q̄s(l3) + q̄r(l1) q̄p(l2) q̄s(l3) + cyclic perms in prs]
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with the q̄p(l) defined below. Here, the six permutations of the polynomial products which we denote
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n resulting from distance ordering
(i.e. n(l1, l2, l3) < n′(l′1, l

′
2, l

′
3) implies l21 + l22 + l23 ≤ l′1

2 + l′2
2 + l′3

2 and in the instance of two modes being
equidistant the one with most equal li takes precedence).

〈q̄p(l1), q̄r(l1)〉 = δpr , (49)

〈q̄p(l1), q̄r(l1)〉 = δpr , (50)

〈Qn, Qp〉 ≡ γnp $= δnp , (51)

〈Qn, Qp〉 ≡ γnp $= δnp , (52)

〈Rn, Rp〉 = δnp . (53)

〈Rn, Rp〉 = δnp . (54)

Rn =
n∑

p=0

λmpQp for n, p ≤ N , (55)

(λ−1)"np = 〈Qn, Rp〉 and (γ−1)np =
N∑

r

(λ")nrλrp . (56)

ᾱRn =
〈
Rn,

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3

〉
, yielding ᾱQn =

N∑

p=0

(λ")np ᾱRp . (57)

ᾱRn =
〈
Rn,

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3

〉
, (58)

ᾱRn =
〈
Rn,

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3

〉
, (59)

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3 =
∑

n

ᾱRnRn (60)

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3 =
∑

n

ᾱRnRn (61)

F̄ 2
NL ≡ 1

N2
loc

∑

li

h2
l1l2l3

b2
l1l2l3

Cl1Cl2Cl3

=
1

N2
loc

∑

n

ᾱRn
2 . (62)
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where qp(l) can be Legendre polynomials, trig. functions, wavelets etc.

Note:                                             are not in general orthogonal
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III. SEPARABLE MODE EXPANSIONS

When analysing the CMB bispectrum bl1l2l3 , we are restricted to a tetrahedral domain of multipole
triples {l1l2l3} satisfying both a triangle condition and a limit given by the maximum resolution lmax of
the experiment. This three-dimensional domain VT of allowed multipoles is illustrated in fig. 2 and it is
explicitly defined by

Resolution: l1, l2, l3 ≤ lmax , l1, l2, l3 ∈ N ,

Triangle condition: l1 ≤ l2 + l3 for l1 ≥ l2, l3, + cyclic perms. , (18)

Parity condition: l1 + l2 + l3 = 2n , n ∈ N .

The multipole domain is denoted a ‘tetrapyd’ because it arises from the union of a regular tetrahedron
from the origin out to the plane l1 + l2 + l3 ≤ 2lmax and a triangular pyramid constructed from the corner
of the cube taking in the remaining multipole values out to li ≤ lmax. Summed bispectrum expressions
such as (15) indicate that we must define a weight function wl1l2l3 on the tetrapyd domain in terms of the
geometrical factor hl1l2l3 , that is,

wl1l2l3 = h2l1l2l3 . (19)

This is a nearly constant function on cross sections defined by l1 + l2 + l3 = const, except very near the
tetrahedral boundaries where it is still bounded, and a useful and accurate continuum limit w(l1, l2, l3) is
given in [1]. In order to eliminate an l−1/2 scaling in the bispectrum estimator functions, we usually exploit
the freedom to divide by a separable function and to employ instead the weight

ws(l1, l2, l3) =
wl1l2l3

v2l1v
2
l2
v2l3

, where vl = (2l + 1)1/6 . (20)

We can then define an inner product of two functions f(l1, l2, l3), g(l1, l2, l3) on the tetrapyd domain (18)
through

〈f, g〉 ≡
∑

l1,l2,l3∈VT

ws(l1, l2, l3) f(l1, l2, l3) g(l1, l2, l3) . (21)

Given that calculations generally deal with smooth functions f, g, w, v, we can use a variety of schemes to
speed up this summation (effectively an integration).
Our goal is to represent the observed CMB bispectrum estimator functions, such as those in (12) and

(15), on the multipole domain (18) using a separable mode expansion,

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3 =
∑

n

ᾱQ
nQn(l1, l2, l3) , (22)

where the Qn are basis functions constructed from symmetrised polynomial products

Qn(l1, l2, l3) = 1
6 [q̄p(l1) q̄r(l2) q̄s(l3) + q̄r(l1) q̄p(l2) q̄s(l3) + cyclic perms in prs]

≡ q̄{pqrqs} with n ↔ {prs} , (23)

with the q̄p(l) defined below. Here, the six permutations of the polynomial products which we denote
as {prs} reflect the underlying symmetries of the bispectrum bl1l2l3 . For convenience, we define a one-
to-one mapping n ↔ {prs} ordering the permuted triple indices into a single list labelled by n ∈ N.
Alternative ‘slicing’ and ‘distance’ orderings were presented in ref. [1], but the results presented here are
robust to this change. However, we shall quote explicit coefficients βQ

n resulting from distance ordering
(i.e. n(l1, l2, l3) < n′(l′1, l

′
2, l

′
3) implies l21 + l22 + l23 ≤ l′1

2 + l′2
2 + l′3

2 and in the instance of two modes being
equidistant the one with most equal li takes precedence).
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N∑

p=0
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Or (better) by Cholesky decomposition, 
                 since         is lower triangular 
Here

            so                    and  
(See lecture 2.) 
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Expand the bispectrum signal strength as

                                                      

E.g. Local fNL Model expansion:

Almost all theoretical bispectra require nmax < 30 at WMAP resolution!

Arbitrary bispectrum expansion
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Applicable to inflation, defects, secondaries
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FIG. 8 The reduced CMB bispectra for several non-Gaussian models, including (top panels, left to right) equilateral, local, flattened
models and (bottom panels) warm, feature, cosmic string models (see main text). All five primordial models are normalised relative
to the constant solution (III.48) and are taken from Fergusson & Shellard (2009)). The analytic cosmic string bispectrum (III.64) is
multiplied by (!1!2!3)4/3 and is taken from Regan & Shellard (2009).

different scaling of the string CMB bispectrum are clear from a comparison with (III.50). Moreover, given the late-
time origin of this signal from string metric perturbations, the modulating effect of acoustic peaks from the transfer
functions is absent, as is clear from fig. 8. This is just one example of late-time phenomena such as gravitational
lensing, secondary anisotropies and contaminants which are accessible to analysis using the more general CMB mode
expansions (III.60).
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Rapid modal convergenceCMB DECOMPOSITION 20

Figure 9: Correlation of the reconstructed bispectra to the original for partial sums of the decomposition up to a given mode n.
The plot includes the primordial bispectra for the equilateral and DBI models, the CMB bispectrum for the equilateral and DBI
models and the CMB bispectrum produced at late times by cosmic strings. In all cases, we find that with 15 three-dimensional
modes we have a correlation greater than 98%, thus demonstrating very rapid convergence. For the CMB bispectra, convergence
is limited by matching the acoustic peaks introduced by the transfer functions, whereas the primordial models converge at 98%
accuracy with only 6 modes.

where the αQn can be obtained from the αRn as

αQn =
N∑

p=0

(λ!)np αRp , (72)

with the transformation matrix λnp defined in (62) (this is triangular and not orthogonal in general). Note
the complication that αQn also contains contributions from Rp components with n < p ≤ N , since (λ!)np is
upper triangular. The inverse transformation

αRn =
N∑

p

(λ−1)T
np αQp , (73)

has coefficients given by (λ−1)np = 〈Qn, Rn〉. We have already noted that the degree of non-orthogonality
of the Qn basis is described by γnp = 〈Qn, Qp〉 in (64) which is in turn related to λnp through

(γ−1)np =
N∑

r

(λ!)nrλrp . (74)

When substituted into Parseval’s theorem (70) in the Qn basis, we see that the coefficients of different
degrees become mixed as

〈SN , S′N 〉 =
N∑

n

αRn
2 =

N∑

n

N∑

p

αQnγnpα
Q
p (75)

The separable Qn expansion (71) is important for most practical calculational purposes but its coefficients
are constructed at the outset using the orthonormal Rn. For interpreting results from the estimator it
is helpful to transform back to the Rn basis in order to understand the normalised spectrum αRn using
Parseval’s theorem (70). We finally note that all the transformation matrices, λnp and γnp in (64), need
only be calculated once, at the same time as the Rn polynomials are generated, and then stored for later
reference.

Correlation of the separable approximation to the original 
bispectra, both primordial and CMB
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Primordial to CMB basis

Use transfer functions once to project forward primordial 
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Substitute bispectrum mode expansion
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ᾱQn γnp ᾱQp =
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ᾱRn
2 . (82)

V. THE WMAP BISPECTRUM

Local Equilateral

Pure cubic
−58 < fNL < 134 W1, Komatsu et al 2003 −366 < fNL < 238 W1, Creminelli et al 2006

−54 < fNL < 114 W3, Spergel et al 2007 −256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

−27 < fNL < 121 W1, Creminelli et al, 2006 −151 < fNL < 253 W5, Komatsu et al 2009

−36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

−9 < fNL < 111 W5, Komatsu et al 2009

Optimal
12 < fNL < 104 W3, Smith et al 2009 −125 < fNL < 435 W5, Smith et al 2009

−4 < fNL < 80 W5, Smith et al 2009 −254 < fNL < 306 W7, Komatsu et al 2010

−10 < fNL < 74 W7, Komatsu et al 2010

Local Equilateral

Pure cubic
−58 < fNL < 134 W1, Komatsu et al 2003 −366 < fNL < 238 W1, Creminelli et al 2006

−54 < fNL < 114 W3, Spergel et al 2007 −256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

−27 < fNL < 121 W1, Creminelli et al, 2006 −151 < fNL < 253 W5, Komatsu et al 2009

−36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

−9 < fNL < 111 W5, Komatsu et al 2009

Optimal
12 < fNL < 104 W3, Smith et al 2009 −125 < fNL < 435 W5, Smith et al 2009

−4 < fNL < 80 W5, Smith et al 2009 −254 < fNL < 306 W7, Komatsu et al 2010

−10 < fNL < 74 W7, Komatsu et al 2010

II. SEPARABLE MODE EXPANSIONS

Resolution: l1, l2, l3 ≤ lmax , l1, l2, l3 ∈ N ,

Triangle condition: l1 ≤ l2 + l3 for l1 ≥ l2, l3, + cyclic perms. , (42)
Parity condition: l1 + l2 + l3 = 2n , n ∈ N .

wl1l2l3 = h2
l1l2l3 . (43)

ws(l1, l2, l3) =
wl1l2l3

v2
l1

v2
l2

v2
l3

, where vl = (2l + 1)1/6 . (44)

〈f, g〉 ≡
∑

l1,l2,l3∈VT

ws(l1, l2, l3) f(l1, l2, l3) g(l1, l2, l3) . (45)

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3 =
∑

n
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ᾱRn
2 , (79)

〈β̄Rn 〉 = ᾱRn , (80)
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Ñ2

∑

limi

Gl1l2l3
m1m2m3

b̃th
l1l2l3

C̃l1C̃l2C̃l3

(
al1m1al2m2 − 6 Csim

l1m1,l2m2

)
al3m3 (16)

E =
1

N2

∑

li,mi

[
G l1 l2 l3

m1m2m3
bth
l1l2l3

(
C−1

l1m1,l4m4
al1m1

) (
C−1

l2m2,l5m5
al2m2

) (
C−1

l3m3,l6m6
al3m3

)

− 3 〈al1m1al2m2al3m3〉C−1
l1m1,l2m2

C−1
l3m3,l4m4

al4m4

]
, (17)

E =
1

Ñ2
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Ñ2

∑

limi

〈ath
l1m1

ath
l2m2

ath
l3m3

〉
C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3−6 Csim

l1m1,l2m2
al3m3

)
(20)

=
1

Ñ2
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ᾱRn
2 , (79)

〈β̄Rn 〉 = ᾱRn , (80)
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Ñ2

∑

limi

〈ath
l1m1

ath
l2m2

ath
l3m3

〉
C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3−6 Csim

l1m1,l2m2
al3m3

)
(20)

=
1

Ñ2
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Ñ2

∑

limi

Gl1l2l3
m1m2m3

b̃th
l1l2l3

C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3 − 6 Csim

l1m1,l2m2
al3m3

)
(19)

E =
1

Ñ2
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ᾱRn
2 . (82)

V. THE WMAP BISPECTRUM

Observed
Theory

β̄Qn =
∫

d2n̂ M̄{p(n̂)M̄r(n̂)M̄s}(n̂) with M̄p(n̂) =
∑

lm

q̄p(l)
alm

vl
√

Cl
Ylm(n̂) (73)

β̄Qn =
∫

d2n̂ M̄{p(n̂)M̄r(n̂)M̄s}(n̂) with M̄p(n̂) =
∑

lm

q̄p(l)
alm

vl
√

Cl
Ylm(n̂) (74)

M̄p(n̂) =
∑

lm

q̄p(l)
alm

vl
√

Cl
Ylm(n̂) . (75)

β̄Qn
cub =

∫
d2n̂ M̄{p(n̂)M̄r(n̂)M̄s}(n̂) , (76)

β̄Qn
lin =

∫
d2n̂ 〈M̄G

{p(n̂)M̄G
r (n̂)〉M̄s}(n̂) ,

E =
∑

n
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Ñ2

∑

limi

Gl1l2l3
m1m2m3

b̃th
l1l2l3

C̃l1C̃l2C̃l3

(
al1m1al2m2al3m3−6 Csim

l1m1,l2m2
al3m3

)
(21)

C̃l = b2
l Cl + Nl and b̃l1l2l3 = bl1bl2bl3 bl1l2l3 . (22)

C̃l = b2
l Cl + Nl and b̃l1l2l3 = bl1bl2bl3 bl1l2l3 (23)

bmask
l1l2l3 = fskybl1l2l3 and Cmask

l = fskyCl (24)



Substitute bispectrum mode expansion
 

into the estimator 

where 

Bonus:  Full CMB bispectrum reconstruction since 
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∑

n
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V. THE WMAP BISPECTRUM
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ᾱRn
2 , (79)

〈β̄Rn 〉 = ᾱRn , (80)
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∑

n
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Total integrated bispectrum (with Parseval’s theorem)

Remove the Gaussian mean  

Total bispectrum measure
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Modal Polyspectra Estimation

bl1l2l3 =
1
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Expand any model with
primordial modes
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∫
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∫
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n βNL
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αNL
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n (21)

αNL
n = αn − ᾱG

n , βNL
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αNL

n
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(22)

αNL
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αNL
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∑
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∑
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P (k) P (k′) + P (k′) P (k′′) + P (k) P (k′′) (26)

αn→ᾱn

β̄

E =
αT ζ−1β

αT ζ−1α
(27)

ζ = RCRT = 〈ββT 〉 (28)
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n , NNL2
=

∑
αNL

n
2

(22)

αNL
n = αn − ᾱG
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Expand any model with
primordial modes

ΦB(k) =
∫
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∫
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n , βNL
n = βn − ᾱG
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E =
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E =
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β̄

E =
αT ζ−1β

αT ζ−1α
(27)

ζ = RCRT = 〈ββT 〉 (28)
      see Ferguson & EPS arXiv:1105.2791

Map
extraction

β̄n



Motivation

Fundamental
Theory

Primordial non-Gaussianity CMB (or LSS) fingerprint 

Lecture 3

Observational Data

Lecture 1

Lecture 2

Lecture 3


